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Abstract 

The traditional method for developing mathematical models demands a level of theoretical knowledge from the model 

developer, before model formulation. In some cases, little or no theoretical knowledge is available, while in other cases 

the model developer seeks an improvement on an already existing model. This work shows how the idea of reverse 

engineering can be applied in the development of new models or improvement of existing models, by beginning with a 

Data-driven model to development of the theoretical bases for the process. A new model was developed for the prediction 

of saturation point for a carbon filter and an improved model for microbial growth, using the idea of reverse engineering. 

This new technique can be applied to improve existing models and develop new models for processes with little or no 

theoretical knowledge, thus shedding light on the theoretical bases of complicated processes. 
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I!TRODUCTIO! 

 

A model is a simplified representation of those aspects of 

an actual process that are being investigated, which is 

useful in gaining insight into the nature of complex and 

non-linear processes (Kafarov and Kuznetsov, 1976). 

A mathematical model of a real chemical process is a 

mathematical description, which combines experimental 

facts and establishing relationships among the process 

variables. For this purpose it uses both theory and 

experimentation (Babu and Ramakrishna, 2002; Babu, 

2006). It may be a system of algebraic or differential 

equations, having either an analytical or numerical 

nature, depending on the method of solution. The 

objective of a mathematical model is to predict (simulate) 

the behaviour of a process and to work out ways to 

optimise and control it. 

 

Mathematical models can be useful in all phases of 

Engineering, from research and development, to plant 

operations and even in business and economic studies 

(Luyben, 1999). The traditional method for developing  

mathematical models demands a level of theoretical 

knowledge from the model developer, before model 

formulation. In some cases, little or no theoretical 

knowledge is available, while in other cases much is 

known theoretically, yet the model developer seeks an 

improved (better) model than what is already in 

existence. This he must achieve without ‘re-inventing the 

wheel’. 

In these cases, using the traditional method becomes 

challenging. 

This work presents a novel idea for developing new or 

improved models without starting from the model 

formulation stage. 

 

MODEL DEVELOPME!T TECH!IQUES 

 

The Traditional Approach to Mathematical Modelling 

The traditional method for mathematical modeling 

involves three steps: 

● Mathematical Formulation 

● Model (Algorithm) Development 

● Model Validation 

 

Mathematical Formulation: This involves formulation 

of theoretical bases for the mathematical model. They are 

often the fundamental physical and chemical laws, such 

as laws of conservation of mass, energy and momentum. 

They are used in their algebraic state or as time or spatial 

derivatives, depending on the type of model in focus, 

static or dynamic. One factor at a time (OFAT) 

experiments or dimensional analysis tools could be used 

at this stage to determine what input(s) the output of 

interest could depend on. 

The most vital role of an engineer at this level of 

modeling is to exercise his judgment as to what 

assumptions can be validly made. 

Model (Algorithm) Development: At this stage, the 

model is represented mathematically, with elemental 
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changes represented as differentials and sums as 

integrals. Analytical or numerical solutions are found for 

the mathematical model, which could involve solutions to 

partial differential equations, differential equations or 

algebraic equations, based on well defined boundary 

conditions. 

Model Validation: A model is good if it is relatively 

simple and an accurate representation of the real process. 

The essence of this final step is to use the model in 

predicting the behaviour of a real process or system under 

certain conditions for which experimental data is already 

available. The prediction of the model is compared with 

experimental data to validate or otherwise reject the 

model and its theoretical bases. Statistical regression and 

Curve-fitting tools play a significant role in ascertaining 

the extent of correlation between experimental data and 

model predictions. 

If a model is not adequate, some or all theoretical bases 

are dropped and new ones proposed for development of a 

better mathematical model. 

This work proposes a reverse-engineered technique for 

mathematical modeling that will prove better in some 

cases. 

 

The Reverse-Engineered Approach to Mathematical 

Modelling 

Reverse Engineering is a development method that uses 

information about an existing entity to produce a new 

entity that has some of the same properties of the existing 

entity (Matthews, 2009). It is the process of discovering 

the technological principles of a device, object or system 

through analysis of its structure, function and operation. 

It often involves taking something apart and analyzing its 

workings in details to be used in maintenance, or to try to 

make a new device or program that does the same thing 

without copying anything from the original (Wales and 

Sanger, 2009) 

Reverse Engineering begins with the final product and 

goes back to recreate the engineering concepts that form 

the basis of the product by analysing the design of the 

system and interrelationship of its components. 

The uses and motivation of Reverse Engineering include: 

Understanding how a product works, investigating and 

correcting errors and limitations in an existing program, 

studying the design principles of a product as part of 

education in engineering. It has been applied to software 

and mechanical devices (Eldad, 2005; Dick, 2006; Law, 

2009). This work seeks to apply Reverse engineering in 

the modelling of engineering processes. 

 

The Reverse-engineered approach for mathematical 

modeling is a useful tool in cases where the theoretical 

bases known to the researcher have been exhausted or 

there are no known theoretical bases to commence model 

formulation. 

It is also a useful tool for processes where there are 

already existing models whose adequacy we seek to 

improve. 

In this reverse-engineered technique the first stage of the 

traditional technique comes last, thus; 

● Data-Driven Model Development 

● Model Solution and Manipulation 

● Theoretical Bases Development 

 

Data-Driven Model Development: The first step is to 

use the wealth of statistical and curve-fitting tools 

available to find model equations that adequately fit 

experimental data or its numerical differential. 

Model Solution and Manipulation: Mathematical tools 

are used at this level to solve models and manipulate 

them into forms that make for ease of comparison, 

analogy and correspondence. 

Theoretical Bases Development: The principle of 

analogy and correspondence between different physical 

phenomena is then used to develop sound theoretical 

bases that conform to the model. 

 

SAMPLE PRACTICAL APPLICATIO! 

 

Development of a !ew Model to Predict the 

Saturation Point of a Filter  

Data-Driven Model Development 

 

Figure 1 is a plot of Outlet versus Inlet Total Suspended 

Solid Concentration of Tri- ethylene Glycol (TEG) feed 

to a carbon filter that forms part of a Natural gas 

dehydration unit. The data was fit to several 

mathematical models using the Curve fitting Tool box of 

MATLAB 7.0 and observed to give the best fit (R
2
 = 

0.9984) to a power model of the general form: y = a*x
b
, 

with values of a and b obtained as 0.1008 and 1.604 

respectively. 
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Fig. 1: Outlet Total Suspended Solids (mg/l) versus Inlet 

Total Suspended Solids (mg/l) 
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Model Solution and Manipulation 

 

If we represent the inlet TSS as X and the outlet TSS as 

Y, then we can represent the power model relationship as:              

Y= 0.1008*X
1.604

     

    (1) 

Or generally Y= a*X
b
    

    (2) 

On Differentiation 

dY= a *b*X
b-1 

dX    

    (3) 

 but Y/X = a X 
b-1

     

    (4) 

dY = Y/X b dX     

    (5) 

dY/Y = b dX/X     

    (6) 

(dY/Y ) / (dX/X) = b    

    (7) 

In terms of incremental change, the relationship can be 

presented in the form below: 

(∆Y/Y) / (∆X/X) = Constant (b) (8) 

 

Theoretical Bases Development 

The interpretation of eqn (8) leads to the postulation of a 

theoretical base for the process:  

● the ratio of the specific change in outlet concentration 

of TSS flowing through the carbon filter to the specific 

change in inlet concentration of TSS is a constant. 

The general eqn (2) can be used to compute the saturation 

point of the carbon filter based on the understanding that 

at this point Y = X. The application of this idea gives the 

saturation point as: Ysat = Xsat = (1/a) 
(1/b)

. 

The above procedure can also be used to develop 

improved models for processes where models already 

exist. The following procedure can be used: 

● Fit experimental data to an already existing model (or 

the best of already existing models) to obtain model 

parameters and constants. 

● Develop a data-driven model that is an improvement on 

the already existing model. 

● Obtain model solution and manipulate model so as to 

relate constants from data-driven models to parameters 

and constants obtained from already existing model, by 

comparison and analogy. 

● Develop theoretical bases for the process. 
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           Fig. 2: Biomass Concentration (g/l) versus time 

(hours) during Fermentation 

 

A! IMPROVED MODEL FOR MICROBIAL 

GROWTH 

 

Data-Driven Model Development 

The data is Fig. 2, had been fit to the Logistic equation:  
X = Xo*Xm*exp (µm*t)/ (Xm – Xo +Xo*exp (µm*t))            (9) 

Xo, Xm and X are the initial, maximum and 

instantaneous Biomass Concentrations and µm the 

maximum specific growth rate.  

The following numerical fit results were obtained; 

 Xo = 3.338 g/l, Xm = 8.703 g/l and µm= 0.06087,  

R
2
 = 0.9876. 

In search of a better model, it was discovered that the 

data fits to a model of the form:  

X = a + b exp(c*t) with a coefficient of determination 

(R
2
) of 0.9905, a = 9.037, b = -5.943 and c = - 0.03377, 

where X is the biomass concentration, t is time, a, b, and 

c are model constants. By analogy with the parameters 

from the logistic equation we have that: a ≅ Xm, b ≅ - 

(Xm – Xo) and c ≅ - µm/2. 

Thus the model equation: X = Xm – (Xm – Xo) exp ((-

µm/2) t)                           (10)                                

The following numerical fit results were obtained; Xo = 

3.094 g/l, Xm = 9.037 g/l and µm= 0.06754, R
2
 = 0.9905. 

 

Model Solution and Manipulation 

On differentiation of eqn. 10 above and elimination of Xo 

by substitution, we obtain 

dX/dt = (µm/2) (Xm – X)    

                                (11) 

Theoretical Bases Development 

●The rate of microbial growth is directly proportional to 

a microbial growth gradient which is equal to the 

difference between the maximum microbial concentration 

and the concentration at any time. 
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●The constant of proportionality is equal to half the 

maximum specific growth rate. 

 

CO!CLUSIO! 

 

The reverse engineering approach to modeling can be 

applied for the improvement of already existing process 

models, whose fit to experimental data is considered 

inadequate - using the procedure exemplified above - or 

for developing new models for processes that are 

complicated or those for which the model developer can 

find no theoretical base. 

By analogy and use of available mathematical tools, the 

theoretical bases for the process under study can be 

developed. 
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