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Abstract

This paper concerns the application of some theories surrounding the exploration of response surface using
inverse polynomial models which include the construction of response surface designs, the methods of
parameter estimation by the iterative methods of non-linear least square and the method of optimization such as
the Fletcher-Reeves conjugate Gradient method. We verify the adequacy of the model using a well analysed
experimental data on maize-bush beans intercrop to determine the appropriate plant densities which yield
optimum responses. This new approach compares favourably for a general surface (K=k and P=p factors and

levels respectively)
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INTRODUCTION

Response surface methodology (RSM) is a set of
statistical and allied procedures originally developed
by Box and Wilson (1951), its two main components
being the design of experiments and regression
analysis. The methodology is applied to study the
yield or output of a system as it varies in response to
the changing levels of one or more input or design
variables .the experimental aspect deals with the
choice of variables and their various levels and
regression analyses enables a mathematical model to
be fitted to the varying yield and this model is then
investigated.

R. S. M. was developed mainly with a view towards
industrial experimentation and production (Box and
Wilson, 1951) but it has found application also in
agriculture (Mead and Pike 1975), in medical settings
(Carter , Wampler , and Stablein , 1983) and more
recently in connection with off-line quality control
(Vining and Myers 1990) And even though R S M
has proven to be useful in practice ,it suffers a serious
defect , namely that the form of the response surface
depends on the choice of units for the input variables

To illustrate this point we consider a simple example.
The relationship Y=x;*> + x,? can be pictured as a
two-dimensional surface in a three-dimensional space
giving the dependence of Y on X; and X,. If we
change the units for the input variables to Xi"= 2X,
and X," = 3X, , then the relationship becomes Y=
18X, +1/9 X,
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Until recently, when response surface were explored
via inverse polynomials Box and Hunter (1957), the
ordinary polynomials, the second order in particular,
have been extensively employed in exploring
response surfaces. This is because it is generally
accepted that it is computationally simple to work
with and easy to locate the optimum response.

OBJECTIVES OF THE STUDY
The main objective of the study is to develop a
generalised model for the Response Surface Method
using inverse polynomial approach.

The Inverse Polynomial Model: Derivation
If dy, d,,...d, represent the levels of k

experimental factors and Y is the mean response,
then the inverse polynomial response function is

defined by

Ay = polynemial i dp Qo e dy, 1)
H“;Ei—: polynomial in dy, ds, ...d, (2)
We write (1) as

T, & = T, (B, + Bud, + ad? + - 46,5,d7™) ()
where

d, =the density of crapi grown onthsame plot i=12,.....k

= na of factors

k
n =ng of levels of factor i
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w = the vield per unit area

If we define w = cod and for k=1, p=2 we have
from (3)

w = fo +Fd 4

The inverse polynomial model (3) were first used for
yield density relationship for agricultural crops where
co s defined as the yield per plant.

Generalised Non-Linear Polynomial Models
Assuming values for some parameters in (3) results
into some of the members of non-linear polynomial
models see Nduka (1994).
(i) Planer Surfaces (K ,P ;k=1,P=2)

This surface is a case of a single factor experiment
at 2 levels. The following are the family members
3 Bo + Fd xw=d

» M =W

d_

From (1) if we let w = wd ie Z=w? and

_ 0 8 _ -
d = e” Wehave w® = ,; + €
for & = 1 and
=y + £y1€ . However, ifwe let ©=1 in

-1

D=1 (ii) becomes  w

v=A[1- 9_'3':“"'_5-"] (5)
Equation (5) is the Miitshelich model as in Nelder,
(1962).

This model was widely applied in the study of
fertization of soil. Miitshelich considered c to be a
constant however later studies showed that it varies.
Fletcher, R and Reeves, C.M. (1964), Atkinson
(1969) and Draper (1971) generalized Miitshelich
model to the family of exponential regression as

v== JS,:_ + 5q4e* (6)
e’ =e'fy+ B e™ ]
The recipror:al of (7) yield_s

eV =e \fy+ L™ (8)

This model is widely used by demographers for
generating life tables , by economist for predicting
price changes and in time series for studying trend ,
while (8) is a form of logistic model used in the study
of growth curves and probit analysis. In this study,
following the same approach and manipulations, we
generate for planer and quadratic surfaces as follows
in the table below:

(i), wehave @ " =p,, + 5, .
If
Bo=A 1= p,=-Ae® and o’=y
, we have
Table 1: Generalized Models fork-level and p-factors surfaces.
Surface Type Factor(k) Level(p) Model
Planer 2 2 W= Bc-c-(d:ﬂr:)_i T 18:-1'“.1_1 + by d‘l_i + By
W= B+ Bodi' + Budit + Booldydy)™
(0< B<1)
PI 3 2 - - - - -
aner = Bow (d,d,d5) t+ Boou(d,d,) t+ By (dds) t+ Bonnd; "+
-1 -1 -1
ﬂlOO(dZdB) +ﬂ101d2 +ﬂ110d3 +ﬂlll
Quadratic 1 3 dq 2
: = ’BC‘l _ ’Bi‘ldi - JIgndi
Quadratic 2 3 d.d
;}2 = ﬁOO + ﬂOldl +ﬂ10d2 + ﬂZOdl2 +ﬂ02d22 + ﬂlldle +ﬂZldlZdZ
+ﬁ12d1d22 +ﬂ22d12d22
G I K P 1 : 2 -1
erere Hﬂ:_ = IIF ( By +Byd, )( Bpd; + "'_1'9:_1—1.:"51[;:_1 )

NUMERICAL EXPERIMENTATION

We apply the above generalized model to the
following agricultural problem. Field experiments
were planted in two seasons .In the first season,
attempted maize densities were 0,1,2,4,6,8,10 and

16plants per ’m:, beans densities were 0,8,16,24,32

and 40 plants per m=. All possible combinations give

48 density treatments. In the second season number
of maize densities were reduced to five (0,2,4,6, and
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8) plants per 11 and number of beans densities to five

(0,8,16,24m and 32 plants per ’m:) .Maize were

planted in the middle of bed raised about 15cm above
the furrows with 1m from centre to centre of the
beds. Beans were intercropped in two rows / one row
on either side and 15cm from the maize, and planted
on the same day. Both crops were over seeded and
thinned at 3 weeks after planting to desire densities In
each season the design was a split-plot with maize
densities as main plot and beans densities as split-
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plot. Each bean density plot was 6mlongxbeds (2m)
and plots had end borders of 0.5m and 1m in the first
and second season respectively. There were 4
replicates in each experiment. The Land Equivalent
Ratio (LER) is given by the formula

LER :i{y“)} ©)

i=1 Y. ( M )
where ¥, (I} is the intercrop yield of the ™™ crop,

and v,(M) is the monocrop of the i®* crop.
i— 1,2

Using (9), the LER for Maize-Beans intercrop is
given in the table below:

Table 2: LER for Maize-Beans intercrop

Beans Maize density plants /m’
density 1.56 3.22 6.40 10.54
plants/m?

12.1 1.10 1.05 1.05 0.81
14.7 1.21 1.06 1.16 0.64
16.8 1.06 1.17 0.87 0.70
37.5 0.83 1.17 1.06 0.53

The data was further treated as pseudo-factorial
design whereby maize and beans densities were the
two factors and their levels taken as the four levels of
the two factors.

First Order Design
The response surface design is presented below

Let Xyand X, be the factor levels, each factor has
four levels
Hence X;,: -2 -1 1 2 and

X0 2 1 1 2

The variable D for the first order response surface is
decoded as follows

. Sy e

N | _ _

a = — A
a = a1
a = =

a — 1L —_— =

a — 1L — A
a — 1L a
i — L =

i I ==

_ | ¥ o |
xra . . -
¥ ¥ -

a = =

a = — A
a = a1
a = =
a [ ] O
il O (n )
a [ ] O
il O (n )
¥ (4] (8]

15 ¢ _— -] —_— P -
Note that 217 X,. = X1® X_.. = 0. This implies
ST it

that the design is orthogonal.

Second Order Design
From the plot of response curve for the first order
design in (Owoseni, 1997), we assume that first order

design model is not a good a fit, thus the need for the
second order design which is formulated as follows:

e, =16 n, =8,n, =12 a =2
Hence for a rotatable, orthogonal composite second
order design we must have

n, = 16, n, = 8,1y, = 12 and atotal of

N = 36experimental runs.

= By 2 P P By A
T —= —2 - - -
= —= —1 =2 = =
= —= = =2 = =
= —=2 p= = = —-
= —1 —= = “+ =
a — 1 — 1 a a a
a1 — 1 a1 a1 a1 — 1
= —1 = = =2 —=
= = —= = “ —=
= = —1 = = —1
= = = = = =
= = = = - =
= = —= <+ <+ —
= = —1 “+ = —=
= = = “ = =
= = = “+ “+ “+
=l +2.00 [a] [a] [a] [a]

o = = +—2.00 o] o] o] o]
= —=2.00 (o] (o] (o] (o]

= —=2.00 o o o o

= o +Z2.00 o o o

= o +2.00 o o o

1T o —2.00 o o o

= o] —2.00 o] o] o]

= o o o o o

= o o o o o

= o o o o o

= o o o o o

= o] o] o] o] o]

= o] o] o] o] o]

=l [a] [a] [a] [a] [a]

= o o o o o

= o o o o o

= o o o o o

= o o o o o

S o] o] o] o] o]

The models

(i) Y=A(1—e5T) and (i)
V= (a+ X171 are fitted into the data on
monoculture maize using non-linear (iterative) least
square method of Gauss-Newton and Maarquardt.
Below is the summary of the results

Table 3: Summary of Results of Non-Linear Model
using Gauss-Newton Method

Model No of No of Residual | @2 F
parameters iteration | mean
estimated Sq.
Mitshelich 2 9 1.58 0.91 46.17
Inverse 2 17 13.75 _ _
Polynomial
Table 4: Summary of Results of Non-Linear Model
using Marquardt Method
Optimum Response for Monoculture Planting
System
Model No of No of Residual R* F
parameters | iteration mean Sq.
estimated
Mitshelich 2 8 1.38 0.91 | 46.17
Inverse 2 12 6.029 0.66 8.78
Polynomial
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The response model is obtained as
W = (0.6236 —0.95833x 1)1

We desire to obtain the design points to conduct the
experiment to give the optimum yield. Hence we
have

Min f(X)=(0.6236-0.95833X *1)’1

Using the Secant Technique of minimizing the uni-

dimensional regression model, we have
F(X) = (09583X72)(f0.6236 — 0.95833x 1) ¢

We choose arbitrary stationary points
o (m
X7 =20 X =25 we have the table below

Table 5: Summary of Result using the Secant

Technique
Iteration 'Xr.' 'XFJ' IL'XI:) IL'X.’JJ 'Xm:'.v! ILX‘"“J
0 2.00 | 2.50 - - - -
1 2.00 | 2.50 6.90 4.16 2.65 3.82
2 2.65 | 2.50 3.82 4.16 3.05 3.23
3 2.65 | 3.05 3.82 3.23 3.53 2.84
Note that

F > F U, < F
Therefore stop iteration .Hence

¥_.o= = 2.8
¥, =353and | Fmin =353) =284

i.e. 2,840k /ha.
The expected minimum vyield is therefore
2,840k g/ ha. when an optimum plant density of

3.58plants/m* is used.

Optimum Response for Intercrop Planting System
The response model is obtained as

W = (112213 - 048361 - 1.00X;T - 3,580 (X, %)) ™"
To obtain the optimum response we find the optimum
design points to conduct the experiment as follows:
minf (X) = (112213 - 0.1836X,* - LUOK, * = 3.5601(x,4,) ¥
Using the Conjugate Gradient Technique (Fletcher-

Reeves algorithm) to determine the design points
which gives the optimum yield.

LetX = (X, X,) and setting the stationary points as

X%=725] and == 0.05 .These are arbitrary

values which represent the densities of the two
intercropped plants, maize and beans respectively.
The results are given below:

Table 6: Summary Of Result using the
C.G.M.(Fetcher-Reeves Algorithm)

Iteration e X':"‘:-" XE"‘:-" SF(XX) | 5f(x®) J”f{)

.4
1 : X, 5T,

2.00 5.00 -0.6846 -0.3411 | 1.75

0 R
1 0.7869 2.50 5.30 -0.2883 -0.1824 | 1.21
2 0.3648 2.49 5.34 - - 1.45
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After 2 iterations as || g,|| <<= and since C.G.M.
is a descent n%t(pod we have

FIXF) + ad®)9 < F(x) also

o, < ey forall @™ (0, £), hence we stop
iteration.

DISCUSSION OF RESULTS

When plant densities are increased indefinitely this
leads to overcrowding and by limit theorem, as the
variable tends to infinity the yield will greatly be
reduced as nutrient absorption which is a function of
growth is reduced as a result of competition from
neighboring plants. Also when plants densities are
reduced , this leads to isolated plants and by limits
theorem the yield is also effectively reduced because
such plants will not absorb enough nutrient as a result
of poor root contact.

Gauss-Newton and Marquardt methods of non-linear
parameter estimation considered gave approximately
the same result except for the number of iterations
which was consistently fewer using Gauss-Newton, a
default method in the Statistical software package
(SAS). Since the optimum yield in any plant-yield
relationship requires an optimum plant setting
(densities) therefore we need the combination of
Secant and Conjugate Gradient method (Fletcher-
Reeves algorithm) techniques for monoculture and
inter-cropping situations respectively. An optimum of
3,58plants/m> were found to give rise to an

optimum maize vyield of2s840kg/ha. And for
intercropping of maize with beans, optimum plant
densities of 2.50plurnts S’ wreed 5.34;0!(‘(??.?5‘,-"’??1:
respectively gave rise to optimum vyield of
3,436kg/ ha This reveals the advantage of maize-

beans intercrop over maize monoculture which
supports the empirical findings of Francis et al
[1983].

CONCLUSION

We have presented a generalised inverse polynomial
model for response surfaces and applied to an
intercrop problem. We verify the adequacy of the
model using a well analysed experimental data on
maize-bush beans intercrop to determine the
appropriate plant densities which yield optimum
responses. This new approach compares favourably
for a general surface (K=k and P=p factors and levels
respectively).
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