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Abstract

In this paper the dynamic response to concentrated moving masses of highly prestressed orthotropic rectangular
plate-structure is examined. When the ratio of the bending rigidity to the in-plane loading is small, a small
parameter multiplies the highest derivatives in the equation governing the motion of the plate under the action of
moving masses. Such vibrational problems defile conventional methods of solution. An approach suitable for
the solution of this type of problem is the singular perturbation. To this end, a choice is made of the method of
matched asymptotic expansions (MMAE) among others. The application of the singular perturbation scheme in
conjunction with the finite Fourier sine transform produces two different but complementary approximations to
the solution for small parameter - one being valid in the region where the other fails. One is valid away from the
boundary called the outer solution while the other is valid near the boundary called the inner solution. Thereof,
the Van Dyke asymptotic matching principle which produces the unknown integration constants in the outer and
inner expansions is applied. Thereafter, the inverse Laplace transformation of the obtained results is carried out
using the Cauchy residue theorem. This process produces the leading order solution, and the first order
correction, to the uniformly valid solution of the plate dynamical problem. The addition of the two results above
produces the sought uniformly valid solution in the entire domain of definition of the plate problem. Similarly,
the resonant states and the corresponding critical speeds are obtained. The analysis of this result is then shown in
plotted curves. Graphical interpretation of the results show that the critical speeds at the respective resonant
states increase as the value of prestress increase thus the risk of resonance is remote as prestress is increased for
any choice of value of rotatory inertia correction factor. Also, lower values of rotatory inertia show variation in
the value of critical speed hence the possibility of resonance. Similarly, the critical speed increases with shear
modulus for various values of prestress. However, as the value of shear modulus increases, critical speed
approaches more or less constant value. Thus, a design incorporating high value of shear modulus is more stable
and reliable. The critical speed increases with material orthotropy for lower values of rotatory inertia correction

factor.
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INTRODUCTION transport engineering, aerospace engineering, civil
The problem of assessing the dynamic response of an and mechanical engineering, the problem has been
elastic structure (beam or plate) which supports studied by many researchers [2].

moving concentrated forces have been treated by

several authors in applied mathematics, engineering It can be gathered from the above statements that
and applied physics [1]. However, this problem is an dynamical problems involving moving loads can be
approximation to the original, more difficult problem generally grouped into the following three classes:

in which the inertia effect of the moving load (a more €)) In the first case, the mass of the moving load
appropriate representation of what takes place in the is considered much smaller than the mass of the
real world) is taken into account. structure it is traversing,

(b) The second class comprises of the system

The more realistic case in which the elastic structure for which the mass of the structure is assumed to be
is traversed by moving concentrated mass is taken much smaller than that of the moving load and thirdly
into consideration is fundamental in the analysis and we have

design of roadways, airport runways, and highway (c) The case in which both the mass of the
and railway bridges. Many aspects have to be taken structure and that of the moving load are of
into consideration in the design and construction of comparable magnitude.

these structures to improve their performance and

extend their life. One aspect of the design process is The first case is much simpler than the second and
the dynamic response of structures. Owing to its wide the third. In fact, the first is the commonest problem
range of application in the engineering fields like treated in literature. In this problem, the inertial
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effects of the moving load are assumed negligible and
only the force effects of the moving load are taken
into consideration. Thus, this type of problem is
termed the “moving force” problem. Though, the
problem, on the assumption, has been greatly
simplified, the following question arises: how safe is
a design based on this assumption. The justification
of this assumption would have been established had
the solution of this approximate model been proved
to be an upper bound for the actual deflection of the
dynamical system. This approximation model in
which the vehicle-track interaction is completely
neglected has been described as the crudest
approximation known in the literature of assessing
the dynamic response of an elastic system which
supports moving concentrated masses. The most
difficult of all the three types of the problem is the
third, while both the second and third problems
involve not only the consideration of the force effects
of the moving load but also its inertial effects, the
moving load in the formal does not have mass
commensurable with the mass of the structure. The
third type of problem may be termed “moving mass”
problem.

This is an improvement over existing works in
literature that determine the displacement response of
plate-structures under the action of moving loads. In
this work, the third case is presented. When the
inertia effect of the moving load is so considered, the
governing partial differential equation of motion
becomes complex and laborious and no longer has
constant coefficients. In particular, the coefficients
become variable and singular. More complicatedly is
the situation whereby the plate-structure is highly
prestressed and orthotropic in which bending effects
at the boundaries are considered. In particular when a
plate-structure is highly prestressed a small parameter
multiplies the highest derivative in the governing
differential equation. This class of dynamical plate
problem in which a small parameter multiplies the
highest derivatives in the governing differential
equation is not common in literature. However, this
class of plate problems have been solved when the
plate is executing free vibration or when a static load
is acting on such plates, Hutter and Olunloyo [3, 4].
Instances in which plate-structures are subjected to
moving concentrated forces are attempted by [5],
with the discovery that it may not be safe to rely on
the approximate solution produced by the problem of
dynamic response of plates to moving forces (as
opposed to moving masses). The problem of highly
prestressed orthotropic plate-structures subjected to
moving masses is rear in literature.

In boundary-initial value problems in which a small
parameter multiplies the highest derivative, the
conventional methods of solution fails and one seeks
an approximation technique. The approximate
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analytical solution technique to which this plate
dynamical problem, involving a small parameter
multiplying the highest derivative, is amenable is the
singular perturbation (since the order of the equation
is lowered when the small parameter (say £ = 0)).
Commonly seen in literature is the analysis of plate
structures whose material is assumed to be
homogeneous and isotropic in all directions. But in
many practical applications of plate structures
however, it is often necessary to consider directional-
dependent bending stiffness, that is, the structural
properties of the plate differ in two mutually
perpendicular directions. Such structural elements in
which resistance to mechanical actions is different for
different directions can be strengthened by
corrugation, corrugated plates or strengthened by
stiffening ribs, to name a few.

According to Rudolph [6], not only will civil
engineers need to calculate stresses and strains in
orthotropic plates, but also physicists who deal with
plates made of crystals, for instance quartz crystals.
In some other cases, the structural material itself is
inherently orthotropic. Two-way reinforced concrete
slabs are prime examples of such natural anisotropy.
Orthotropic plate-structures are very common in
present-day engineering. In architectural engineering
for example, reinforced-concrete slabs with one-way
or two-way joists are often used for floor systems in
buildings. In civil engineering, the highway bridge
decks usually consist of plates stiffened with
rectangular, triangular or trapezoidal ribs. The use of
stiffened plates is especially indispensable in ship and
aerospace structures. That is, the hull of a ship, its
deck, its bottom and superstructure may be
considered as orthotropic plates. Similarly in flight
structures, the wings and fuselage consists of skin
with an array of stiffening ribs.

In this study, consideration is given to orthotropic
plate-structures, in which the principal directions of
elasticity coincide with the coordinate lines X, VY,
traversed by moving mass, thus incorporating the
rotatory inertia correction factor.

MATHEMATICAL FORMULATION

In this research work, the problem of the dynamic
response to moving concentrated mass of a highly
prestressed orthotropic rectangular plate is examined.
Neglecting the effects of shearing prestress and shear
deformation, the transverse displacement V{x . #. EJof
a highly prestressed orthotropic rectangular plate
occupying the domain Q[0 =& =1,0 = ¥ = b] and
traversed by a moving concentrated mass, when the
rotatory inertia correction factor is incorporated, is
governed by the fourth-order partial differential
equation of the form
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where,
Dy and Dy are respectively the flexural rigidities in
x- and ¥- directions, Dgr is the effective torsional
rigidity, Nz and Ngyare respectively the axial
prestress in x- and ¥- directions, x.3 are the spatial
coordinates, £ is the time coordinate, B, is the
rotatory inertia correction factor, & is the mass of the
plate per unit area, V(x.%.£) is the displacement
response of the plate, P, 7. E) is the applied external
moving load, V*V(x,%.E) is the Laplacian operator
on V(i .E).

Since the plate is assumed to be fully clamped, the
boundary conditions are
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For simplicity, the plate is assumed to be at rest prior
to the arrival of the load, and so the initial conditions

are
- - avizg.0

V70 =0, I =0 )

The concentrated load traversing the rectangular plate

has mass commensurable with the mass of the plate.
Thus, the external load takes on the complicated form

in which?: (%, 7,£), the continuous moving force
acting on the rectangular plate, is denoted as

B (77.0) = Mgs(F — D)5 (F-y)  (6)
where&(x — a) is the unit concentrated force acting
at a point * = a called the Dirac delta function, M is
the mass of the rectangular plate, g is the acceleration

due to gravity and % iS a convective
acceleration operator on V(z.y.E} defined in
Fryba[l] as

d? at . 8t

af? af~+ 2e et c? gt ™

Here physical meanings can be given for the terms
involved in the right hand side of equation (7). The
first term measures the effect of acceleration in the
direction of deflection, the second term measures the
effect of complementary acceleration (i.e. Coriolis
force) and the third term measures the effect of the
part of curvature (i.e. centrifugal acceleration) of the
plate induced by the mass of speed c at the position
of action.

This moving mass model has been adopted by
Stanisic and Hardin [7], Ting et al [8], Sadiku and
Leipholz [9], Akin and Mofid [10].

NON-DIMENSIONALIZATION

For the purpose of approximate solution, it is
pertinent to present equations (1) (3) in
dimensionless form. This act brings out the important
dimensionless parameters that govern the behaviour
of the dynamical system. With the introduction of the
dimensionless quantities L. Ny, D...and £ equation

- - 14d? vy
P 3.t = K(x7.0 {1 T 5 e ) ®) (1) becomes
7 [ wlxytd +2 Wiyt 7 Wyt _ ’:E:Lk"ﬁ.r,}',r:'_ 2 Wiy a:wix,y,r)_ wlxyt)  wixyt)
£ [ axt 25 axay? B ay ] Looae LA af gt gyt ]
Fwix J. £) Pwlxyt) | 3 wlyd
60 - ut)ly - yp) [ + 2 ) = Mygblx — ut)8ly ~ yp) @)
Nex 2 ¥y
. _ _ vi=2vi=- (84
where it is assumed that 0 <= = << 1, as will happen if ivel Ha Ha
the flexural rigidity is weak compared to the high Le‘lspec Ively.
prestress, and is defined as S0 P
g2 = % (8_]_) Gpr = 2 (8.5)
Ho s is the coefficient of rotatory inertia.
where as usual Dyy denote the plate’s bending e %’ 8.6
rigidity in the Z-direction, N, a reference prestress BTz (8.6)
and L is a characteristic length with respect to which is a measure of the mass ratio and
the deflection and the two coordinates are normalized u= —an = : 8.7
vizz V=WL &=xL y=ylL Ontheotherhand  gpiect to the boundary conditions (in non-
time is assumed to be normalized with respect to a dimensional form).
characteristic frequency ¢ such that x=0, DEysh A o BWRE)
_ wi? x=1 DS_].'EE:'} Wi yt) =0= ax 9.1)
f= wtand — =1, (8.2)
Npw
The coefficients Bf and B measure material — y=0. ozx=t] e oy g Z AWERD g,
orthotropy such that y=s Dﬂﬂ}. =) LAy ©2
Dzy together with the initial conditions
EL - ’ E (8-3) W (x,y.00)
o Dz Dxx _ Wix,y,0) =0 ="2= (10)
While ¥ and ¥f measure the prestress ratio and are gt

defined as
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OPERATIONAL SIMPLIFICATION

It is observed that a small parameter multiplies the
highest derivatives in equation (8). For such problems
a regular perturbation lowers the order of the
differential equation —except in this regions of rapid
change (often called boundary layer) where the high
value of the derivative cancels the effects of the
multiplying small parameter- which in turn means the
solution cannot satisfy all the boundary conditions. A
special treatment is therefore needed in the region
near as well as at the boundary where its boundary
condition is yet to be satisfied. And as such, the
problem is only amenable to singular perturbations,
in particular the method of matched asymptotic
expansions (MMAE). However, equation (8) is

considerably simplified by introducing the Laplace
transformation defined by

W (X,Y,s) = _[W (x,y,t)edt,
0

s>0,t>0 (112)
With the properties
LW, v} = Wik, y.5) (12.1)
LGt —t )l =0 (12.2)
whereL is the Laplace transform operation symbol.
Taking £ as the principal variable will make equation
(8) to become

4 4 2 2
,| 0*W(X, y,9) L2p? 0 w(zx, yz, S)+/322 0 w(x,4y,s) _y? 0 w(x,zy, s)_}/22 0 W(X’Zy’s)+32W(x, y.5)-

ox’ oX "oy oy OX oy

o*w(x, y, s o*w(x, y,t
Aoy SZ ( zy )+ + ( Zy ) +F05(y_yo){|a+2mb+u2|c}:M095(y_yo)|d

ox 2l (13)

Where the Dirac delta function obtained from the Fourier

I= J’: 50 — ut) 3wz gt e~ dt(14.1) series expansion of the function as

a2
== 2z t)

Iy= [ 80 — ut) =52 6~ d1(14.2)
= 2 (x g0)

I= Jy 6 —ut) TR o~ d1(14.3)

Iy = [y 60— uf) ‘3‘5+” ~St gt (14.4))

The integrals (14) cannot be easily evaluated and so
use is made of trigonometric series representation of

2 OW(X,Y,S) /2 o*w(x,,s)

8(x - ut) = 14 257, [cos 2mrut cos 2nvut + sin 2urut sin 2nrut ]

(15)
In view of equation (15) the complete Laplace
transformation of equation (8) is

6w(xys)+

a W(X y S) 2ﬁ2 aAW(Xv yvs) + ﬂZ 84W(X, Y|S) _
X 4 1 zayz 2 ayA 1 8X2
"w(x, y, t)}

subject to the boundary conditions

=0, 0<y<bh
! Y W (X, y,s):O:M (17.2)
x=1 0<y<b X

=0, 0<x<1
y ! W(x,y,s)=0= xy.9) (17.2)
y=b 0<x<1
Together with the initial conditions
W (x,y,0)=0= w (18)

SOLUTION PROCEDURE

In equation (16), an exact uniformly valid solution in
the entire domain is not possible and it is observed
that a small parameter multiplies the highest
derivative in the governing differential equation.
Thus, the singular perturbation method is used, in
particular the method of matched asymptotic
expansions, to solve the dynamical problem. This
technique provides an approximate solution to the
given problem in terms of two separate expansions
which are valid in a closed
interval [0 =x <1,0 =<y < b]. The two

+SWXY,) -

: ay2 o2 (16)

+T,0(y — Vo) [SW (X, Y,8) + 2usW. (X, ,s) + UAW,, (X, Y, s)]_—ge u

expansions called inner and outer expansion, neither
of which is uniformly valid but whose domain of
validity together cover the interval Q. The method of
matched asymptotic expansions (MMAE) developed
by Bretheton [11] required that the asymptotic
solution of equation (16) be of the form

WXy, 1) =W (x,y,t) +ew, (X, y,t)  (19)

Substitution of equation (19) into equation (16) gives,
after rearranging and equating coefficients of the
powers of £, the recurrence relations

M s
=L (y-y, e % V=0

H,(x y,5)=140 v=1

DV*W,,(x,,s)

Where
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wys)eyr W) W) o o[ OW Y)W (0,9
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2 (21)
1 oW (x,Y,s oW (XY,
+=T0y-y,] W, (xY,s)+2us (% )+u2 V(zy )
L, ox X
And Now, use is made of the perturbation scheme:
DVAW,_, (x y,5) = o'W, (X ¥:9) zﬂlza W, (X2y'5)+ P 0“WV,22(x,zy,s) (22) Wy, y,s] WD(X ¥, s) +5W1(X ¥, DEN W ix, ¥ 5+ 0(z) (24)
o ooy ooy where superscript i refer to inner solution. Equation

Here the subscript of W (X, y, s) denote the order of  (24) is also valid near x =1, where the inner
¢ and V* =V?2.V2(V?is the Laplacian operator) variable is set as X = ? Expressions similar to

while D is as earlier defined. Subject to the  (24) can be written down for the solution near y = 0
transformed conditions at the boundaries and y = b, where the inner variables are set

W r oz = = 2
Wilx, v, s eeos 0, j=012..

(23.1) respectively as¥ = —and ¥=—as
% 0 j=012.. Wi, = Wi,¥,5) + W GT,8) + G Y,S) + 0() (25)
' w=d (23.2) Substitution of equation (24) into equation (16) near
W ;oo = i = a2 i = =
Wi (e, y, 5) mop 0, j=01.2 (23.3) either x = 0 or x = 1 produces
awilx, v, 5
—_— =10 i= 0.1,2,..
73 —n
y=ob (23.4)
FWHE y,5) . ty ol
— I taas - w8y —;Dllﬁ
Wi _, (¥, v.5) EF‘W _alx i LW (X, y,5)
= 2usly 6y —y,) LT — 2B # + [¥: + ages’] LT
ﬂ IIr1.- -
— s [1+ I 60y — v, IW_,(x,v.5) — B3 % v=0134 (26)
Mpyi LYVAl LYVAl LYY
an(x1y’S)_ Zan(x’y’S)_ SZaW\/(X’y’S) U2F5( _ )an(X’y’S)
4 7/1 2 aot 2 + 0 y yO 2
OX OX OX
RA (x Y,s) W', (X,y,s) ,0'W! ,(X,y,s) .
= 2usl, 5(y — y, ) — —opr A Ty g2 v DL SPW L (X, Y, S)
aXZayZ ayz V=
o°W.! ,(X,y,s . M,g
+ayS° V;)(lz y )—szroé(y—yo)wv'_z(x,y,s)+—u°geA, v=12. @7)
Subject to boundary conditions Similarly, near ¥ =0 or ¥ =&, one obtains the
Wi y,s)= 0= -?Lbi!;ir.s:uJ 0123 . (28) differential equations
W g 8w (,x v.s) W& Ys) "W _ateva
Bi a}i- =42+ ay) aw = 2B] ;x:fﬂr” P+ a,st - u'L 6ly - v,)] &(xl 5)
~ 2usT; 6y - y,,] —
—sM1+ 0 &ly —y, ) IW,_.(x ¥V, 5) v=1013.. (29)
:E‘L"%E;z_r,s' L8 “ﬁ,Lxr: a2 "ﬁ,l.r ¥.g i, v Al _ylx, ra) 5 Awilxyd)
Wi Mg S o S oa N T ST Y.5) + s T
SO0y~ g1, = 2ty By —3,) LT o ly =) P 2
v=2 (30)
Subject to the boundary conditions the respective boundary conditions (28) and (31) are
Wile,¥.s) = 0= ME(RES) 0123, (31) sought using ~ finite  Fourier sine integral
ay transformation method.

Next, the solutions of equations (20) for the function
W, (x. v.5) and equations (26), (27), (29) and (30) for
the functions W, (X.v.s) and W (x.¥.s) subject to
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LEADING ORDER SOLUTION _
Here the solutions of W {x.v. s} and Wi {X.¥.=) are
sought.

SOLUTION FOR W§(x.y,s)

T, . \
et - 0. , 2 :
Wy (x.y.5) = 2| G cosiy—G, Slnf}f,‘f"l‘ESm[,}'—}'ﬁJ sinmms + Bye®® £ Byefr¥ g ik

[ CAAE ppefs= ] | nmy
Where
= Hor TP +HD5+FDSI:}'_}'D}[HDE _HDE_HD7] (321)
Hyp tHy,
_ a2 fmnY . .
Hl}i = h (L::) (Lj
Hoy = —ys (i)
Hys = §°(iii)
H,, = ay Hy,(iv)
_54 ot I}g [ (32.2)
Hy: = Hyy(mm)*(v)
Hl}Eu = 2mmus (vlj
Hy; = mmu® (vii)
A
My . mmym
—gsin—
Ny= 1 B /’Fi @23
1 -
E'125['112 + \-'mx]a] (32.4)
1 -
%= — i + 4u3] (325)
2
Nz = b/h 06

-

N3 =3 (?}2*'52—'}%: 52(?}: + b/'}fl (32.7)

| 2 2 . o
o1 = |(r +aoes® — o8y —0)) (328)

) (32.9)

And G, G; B, and E; are arbitrary constants yet to be

determined by matching. _
SOLUTION FOR Wgix, v, 5)

By setting = 0 in the recurrence relation (20), yields
the governing differential equation for Wy (x.v.s].
This is subjected to finite Fourier sine transformation
together with its inversion to produce

P O ¥ SIS BT

(83-8y(F 8]

(32)
Also, settingv = 0 into equations (26) and (28) and
neglecting terms with negative subscript, the leading
order inner differential equation governing the
leading order inner problem is obtained. Subjecting
this equation to some mathematical manipulations
produces the leading order inner solution as
(9% + o, X-1)D(y), near x=0
(79 + o X - 1)D(y), nearx=1
|:g‘?31:‘-' + ¢'1X - ']_:IFI::]::I , neary = 0
|ig'?32"-' + fp:X — 1:I?|::]::I’ near y = b
In equation (33), exponentially growing terms have

been neglected while the functions I (). D (x). F(y)
and F () are to be determined by matching.

Wik, Y,s) = (33)

MATCHING PROCESS
Considering the outer solution (32) and the inner
solution (33) for the leading order solution which
satisfies the dynamical plate problem in partly
disjointed regions of the domain of definition, the
matching of (32) and (33) produces the constants in
(32). In order to do this, the Van Dyke’s matching
principle which requires that“m-term inner expansion
of (the n-term outer expansion) equals the n-term
outer expansion of (the m-term inner expansion)”,
where m and n may be any two integers that need not
be equal, is adopted. Thus, the matching process
yields 3 _

D (x) =D(x) = Fly) = Fly) =0 (34.1)
6, = —2siny, (34.2)

G, = T—qusemb [sin(b — v,) —sin y, cotnh]
= n

(34.3)

l
-5 1 -5 1
ls I.EH;‘»"_ 1) ls |l;+9:;—1_

26°2-p
By =n, [:291-9:J|_§+91}+ :29:-91:-I£+9:}] [:(591-591:] (34.4)

N4 @—591_} [5 '|'£_+ 91;'—1- |
5 = = - 5 (34.5)

=—= - —
< gf2_g81 [y —82) —+8y) 2}

-5 j!
[5 |_;+ 8 -1

(8, —a. e
-7 91'|-u+9

Substitute equations (34) into equation (32) and
simplify further, thereafter obtain the Laplace
inversion using Cauchy residue theorem as

W e,y t) =B [RGey ) + ECoy, ) $ By 0] 4P (R Gy t) 4+ By t) + Ry ) + E Gy t) +

Fy e,y 8) 4 B (1,381 4 By (B (63 £) 4 By (5,3,1))
where
P, =M,g(1 — mn) sinmnx

nTyg . NTY
_J :Slﬂ__:l
b ]

(36.1)
(36.2)

|
I

2My g sin

(35)
(36.3)

P:3 = b x%r
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B m = 2 2 z 2V i <
C [l—(—lj e u]mg—ﬂzjiﬂg—ﬂ,_] siny, cosn®y

Flyt) =

ey 20,000, —0,)? — 02,

o o2
E '3’[1 —(—1)™me  u ](ﬂ§ —N2)(0% — 0%l siny, cosnty
- 20,000, + 2,7 — 2]
: ﬂ ev°‘=r[1—(—1]”"eﬁez (o2 - 0o - 03 cosec b sinn“y sinlh - y,)

e |1 = (=1)™ew | (o= 02)(0f - 03) siny, cosy° + (37.2)

. [ ]z 1z 3B /SNy, cosn Y (- 02t
(o} — 03)Coxy —x)
0 & e
. ¢ i‘ll—(—l)”‘e vl(ﬂ; - )0 - 0)easec n°bsinnfysinyy cosq’h

o2 [1- (-0me ™| (od- 03) (o - 09 sinyy cosy oy = :

+ (37.1 0,00, -0, -4

(o — 03)(o;-2c,)

a
. S B o e'ﬂir[l—(—l]mef](ﬂg - 03)(03 - 03 )cosec n*bsingCysiny, cosn’h
¢ 3 |1- (=)™ (03 - D2)(0% - ) cosecn‘ bsing “ y sinlb - y,) _

Ryt = 0l -0 -1 . 20,000+ 0,0 - 03]
; i o E“ir[l— (—liju](Dci—ﬂg:](ﬁci— ) cosec n°h sin gy siny, cos b
9"3‘[1—(—1]“;1:][(,()5 - 03)(0% - 08)] coseen‘bsingy sinlb - y,) - B
- 17T

20{00; 0.7 - 1) 1= (et

] (e M) (o~ 0% cosec n°b sinnysinyy cosn’h
(o= 03 )0} - 03 )cosec b sin 'y sinb - y) +

(o - 02 (o -cc,)

1= (e @3

+
1_n!
(ocf— 103 )y —0cy)
— bﬂsotm-[ﬂg-ﬂ.g]—uzﬂs'ru—u\':ﬂs—ﬂy‘;z-ﬂg
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The combination of the results (37.1 — 37.11) First Order Correction
substituted into (35) yields the desired leading order The next corrections in outer solution are obtained by
solution of (24) which represents the uniformly valid setting v =1 in equation (20). The governing
solution of the entire domain of definition of the equation for W£ (. v.t) is given as
given plate problem.

—1*'55—|JJJ s) - _'aaj—ll?'imas:'+s:'rl*'1'f,r,)-',s:'—cr:rs: %':Lj s'+ 'Jj s)| + Lély - v '[s Wi(x.y,s) +

2 —1| J = 1'I J =
Zus i ys) +u a.r3 vr,j,s,'] 0 (38)

Now attempt is made on equation (38) for the solution of W (x,y.t). The procedure of getting this solution is
analogous to that of W§lx.y.t). Slmllarly for Wiz v.t). Following the processes outlined for W, (x,v,t)
holistically one obtains the solution of W, (x,v.tl as

23



Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 13(1):14-37 (ISSN: 2141-7016)

IFV]_{):JTJt] = Gj_(.‘l.';}?,i‘] + Gz{x.lyJ t:] + Gg (x.lyJ t] + G_-;(xJTJ t] + Gs{-rJTJ t:] + Gﬁ,(x.ly.lt] + G?{xJTJt] + GBCxJ}?J t]
+ Gyl t) + o 4 Gy (1,8 (39)

Where

4M, g ) 1 0,,°
Gy (v, £) = 4 dgflaaf — == [ (_q)ymg-s/u] | —
Gy, ) = 4 4e mmm[ (—1)me ][mﬁ({mm]:’—ﬂh

N @ (03,03}

{ﬂj_;j. - ﬂ15]{ﬂh - ﬂi]z

(40.1)

. . 0y -nyJ2-n2
Bysinmmxsin(h — ypJoos |3
- 1]

By sinmmxsin(h Jcos ((fye-0g2-0F
2 —
= ] 1] 2 o )

(mmu) — (0, - 0,502, - 022

My g
G, (. ) = — { 401l ——— 1)m g2/
ey 0= - {460 [1_ () ][ (

ot

2
_ L gp0ue 29 [1—( 1)™e 'M] LI .. -
TRTUL _[]L

m |\ (mm) 2

[[0,,-07-0L

1] B, sinmmrsin(b — yD]ms?\II T

(40.2)
(0,5 — 0y, 0003, - 072
Gyliy.t
t '— (-0 - £ # EY
EY gl [1-( 1)% “ (20 - ﬂLsH“mmts iy cusJ W ﬂzJH—eﬂ ll (-1
= g-0y) me(ﬂls cus\ e ﬂ:]+f“[1 (e [ 0t - ﬂm] e (0, - 0) o | m, 0 2+e“u‘l1 - (-1f% " (115, -1,) Jmm 0~ 0) o | m ﬂ
™ v V% (40.3)
GaGe.y. 1) =0 (40.4)
Gs(x.y.t) =0 (40.5)
GE{x.-Y.lt] = U (40.6)
b
I e
G,(xy.t) = mrtlogehy fac” [6 : cos |(ﬂ.5 “0F -0
TEEE T R ag, uP0) (Bz -6,) | (0;+ub) | e (02 - 0%)
—(F—'ﬁ-+B;) ] ,7
+[‘s 1 [0 (40.7)
cos .
(ﬂ-s + HB‘E) ‘SJ LN (ﬂg - ﬂi] y
Glr. )
.
logu s“rll s v] i 5ﬂﬁf[1- -1 ”‘5'_““]
== 1f,sinmmrlp - ) —— +
" D ) (- 0,0 - 088 |0 - | 05,0 - PR -0,
8_5 “ﬂ(ﬂt 1,0, - 00 -0 [1 5“1535(111 D0 ) 4 8060, - 0,0 - )4 400500, - 0,0 - ). (0 - 0 4 260300, -0, ), - ﬂis]}n
) [0, - 0,00, - )08, -0,
(40.8)
@ =+fb. -1 [y +0)7-17 [T Mo +0, 12
[y 7 | Mk 5 st oo | : z | i
o ond) = By siny, sin [\J PR )’cusﬂ PRy b+e™ sm\l (B, 1) ycos { =B b}
Jnth =
(05 +0,, (05 - 02) (409)

24



Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 13(1):14-37 (ISSN: 2141-7016)

G]_D(x.ly.l t] =
(Pt -kt T T m -iE T
- R R e ][ﬂur(ﬂ“—ﬂl]]‘Slr“‘JW ll—[—L" s U ][“”fm”'n‘]]*m,jmr
b : 0yt ST
sinmmx cos g
Qygwge % P PP P PR P A R Y R PP P PR P Y R Y
- 7 lmt n“z_pi " _ % |tnyg +ny?-nl
-0 “ [“urmi?-ﬂi]] 3“"4 P L= =10 g (05~ 0F)] 3“’-‘4'x P
sni?r L1t Tl B snigr oritsie™ )
(0 5- g3 (0 -0 0y =010 -0y (5= (0 =0y 1 Iy =0 ) (05 -y ) (40.10)
& |mygragi-al e A|[mygngt-nl
e e
Gy, (x,y,t) = =By e®1* - 40.11
ERC € (314—8135) (B15-8418 ( )
PR (CIVor TS e SR DS UL Y ]
G {_‘I.' t] EI"TB EZJ:' -'J :u,_{ﬂi‘—ﬂij ! -.J ’Hr:ﬂig_ﬂf) 40 12
= ¢ (@14-815) (@15-810 (40.12)
iy
&ﬂ“-r&_[.T_Ei]—l] B ——
G (.‘C i‘] _ nm Mg sinnﬁ.}'uggir{ sin 4.|[-I"‘14.+.|"'4,‘| -0z
133X ¥ B2 8y 81 b (fyg+udy )y g—0y5) ) Epei-03
&ﬂuf&_[%'pi]—l]ﬁin*!_:Eﬁ_ﬂzﬂz_zﬂg
o mocl2is-21)
[ﬂ15+l¢91:'[ﬂ15—ﬂ14:' (40.13)
R I I ﬂ: (i) yin |ﬂi:'ﬂu -
7 - T
_ inm r-e‘ug . NIy gy i ~J alnl-aj | =0l 'ﬂiJ
Gua Cery ) = B (8- b [*’"14.”9:‘[’"14'*"1:‘ [ﬁ:’f“sz‘[*"i:'ﬁﬂ_ (40.14)
e on it
Myghy &inypsinmrx | 0y5+0,)2-0% o[- Agngt-al ‘",
Gys Cx, v, £) =22 o [sin l—a sin l b} (40.15
155 ¥ Fisﬂ'ur-.'-f’is[ﬁrf"z\z{ y endnge-ad) al81:- 2] } ( )
_ Mg o Diat[4 _ (1 ym-Maelu][an? _ Uil PR PO
Gy (7. t) Mn“%smmﬁxsm(b yD]Ee [1 (~1)"e ][21'!“ 0, cns\l T bte [1
; + BT
(_1ng—ﬂisfu][2ﬂ —ﬂm]cos ﬁb}
v ol (40.16)
Gy (ey,t) =
By . i st 1 (- 1M Rai] ; E‘IF{_TW i Mastg-(~gmg=N1g/u]
g Simmmisingy —zr[ 02, -0yl eos?’| ) —[20
mrllyglne (y4-045) [I!“ I!] \I Barliiyymhy (Dy5-Dy4) [I! —I!]
[I!i,+ﬂ4 E :
ﬂls] \| age(02,-0) — b
Dth=s4g (4017)
Glg(x.l}?.l tJ =
o R s R Py
—— sinmxcos(b — y,) 0;--0, (0% -07) T Ny~ (03,-03)
t 1-0ygll0-00 13047/ 1050
iy
402(0, - 0,00, - 0,0) I{ten“[l—(—l g /u]l2n2 ] - ot X -0uu 02 14 40,6001
; 40 +(0,-0, (a0 +40y, (0,-04-000, -0y )
(_1] —ﬂyu} { 1r1 —ﬂi,'u [2ﬂz_ﬂ ][m -0 ) ks L ¥ . t
[ ] ) S [(0y-02450005 -0 (a03)]
0™ nJ
(0, +0,,)(0, +0,)(0) {w-ﬂﬁ[l el |[202 - 0 ] - e == Mu[a0? - 0,,] - 40,671 -
(COmeli] 4 ‘nifll ym ﬂirl&][[mi 0 O O P 1 i]-[m+nUJ[:.ni]-mitnimﬂ.\[nﬁnu}]
030, 40,00, -]
(40.18)
g
Gio Cx,y.8) = TRAB (1)1 fux(gfet — g=MuT) (40.19)
i
gox
wh fae” 2 _
Goo (v, 8) = TR (1) T2 (047 4 g=) (40.20)

25



Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 13(1):14-37 (ISSN: 2141-7016)

Gy (. 3.8) =

[ e,

0 =}
Pty [&-[Ti-ﬁ'i]_i]anir gl ui-pi]_i]&-nir

0™ B, M, gsin TZL8 g

B (0 +u8, )(02-03)  Ng(-0g+u8,)(03-03) T 0, (0, +u8,0(03-03) T 0, (-0, +u8,)(02-03)
(40.21)
Gy ey t) =
St 5_[;_92]—1] I!Grd-[é-ﬂz]_l] dnird_[%_gz]—l] d-nirﬁ-[;-pz]—l]
nm By g in %ﬁﬂ(_ﬂﬂﬂr _ 1 - 1
Rig-8)u, b ing-u)(02-03)  Dgl-Rgrus)(2-02) T 0y (02-m2)n+udy) By (02-02)(-02+ugy) (40.22)
Gy (x,y,8) =
m, - T Y m e mnger, Emetngtond
e R e e
i?ﬂui“‘ursm:vIJ { Ny (0 -n3)ny -0y )0, -0y ) (0F, -0 ] 06 (03~ (0 gy 5 D0y 0 ) 0303, ) H+
7 4y eng i -nt
ML T] I Y ) P iV
Mygsings ll L [20; - 03], (0F-0)] FW‘““[F”_FJ
Bllygwqe (-0 (0, -0t Jng -y (0, -5 )
8 P
i = AR R
(0B -0, (0 ) i
i st Matie?ond
i -t ) P PR,
bllyg=qr My (0, -0 (0 -1 )y - ) (g 2y )
I . 2ot
et P’ PR,
ﬂiamig-Rﬂmig-ﬂig]mia-ﬂujmia-ﬂis- (40_23)
GE_-“, [:x.l y.l t]
l'l t et [ . ]
mlhg ] Ui % [ m
U g Syn 045 (03, - 0207, - 045 — 04 )05 - Q) (04 — 040 (04 - Q) N s T
s Y e A WLV M
o [1- —q)m u]m Xy (0, — M)y |ty
I*|(ﬂ'15 +ﬂ4]2 —ﬂi _Bn”r . 2““’151[} . ( ] & 16511 4 Ty ml& J}’\l “nr[nis'ﬂﬂ
\J o mz - ﬂz] by, mz ‘ﬂgj Iﬂlsmz - ﬂé)mz - ﬂz)m‘m - 04,0045 - Q) (0 - 0y,)
g5 — oty [1 ][2ﬂ -0} (07020
Eﬂ Rz ‘ng 15 ‘\I mz —.I]:] ——
+5n”rl III.' 17 o7 ‘llxm (ﬂz —.{IE]
(0f, -03)(0l - 0o, - ﬂ’)(ﬂg; — 0,00 -0, )00, - 0460 Y e
i} rcnsﬂ’-m—xl [—gim, li
2& 18 fN:I:Ir[ 15_11'9 (2ﬂ.ig - ﬂ;is] |(ﬂ-lg + ﬂ_.‘d':] ﬂ'S _‘l (ﬂz ﬂ_zj
+ . zin o -
(ﬂ'ie _ﬂisjmie - ﬂ‘;]mie - ﬂz]mm - ﬂu)(ﬂm - ﬂu) (ﬂm - 511.5:] 4 ot (ﬂm - ﬂij y\l o
e
o rmsﬂ“ﬂ— 1-(-1ims "
26 1 belrd) ](25’114—51{5] |mu +0,)2 -0l 4|'ﬂ
+ .sin e
(ﬂz _ﬂisjmz —{19](.{12 _ﬂi]mu ‘ﬂu]mu _ﬂm]mu _5115] 4 o (ﬂz ﬂz] y'\l " :
ully =1 _Mis
23“1:“[‘,‘05 m’i—"@x [l - (—1] Me™ u ][:251?_5 - ﬂiﬁj K [:ﬂ'lli + ﬂ-d-) 'ﬂ
. sin
(ﬂi,., 030055 - 000 - 01)" (055 - 0,) (05 - )05 - 1) ™ | o6y (05 - ﬂ‘) }\l . '
(40.24)

26



Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 13(1):14-37 (ISSN: 2141-7016)
525 (x.l }?; ﬂ =

Mgt TMEW
1Mug i ol Hg=1)

cosh siny bl cin’| Mg+l 0-17
Bllyge, : D (03 -3 (03 - (05 -03 )0y -0 ) g -1y ) '\I“Ilr[niﬁ'nﬂ 4

Dig
1—[—1.‘”‘5'T]

6] . 4|t=nygng-n M) 4fimygeng-ng
- 1=~ jmin -

oy
w4 est.. Tuli3T
Sl el e e w2 Jrad)
L
Dy [0 - 130003 - 15 )05, - 1) (Mg g+ 1y D 4 1y ) 0l 03~ 1500, - (g -0 Oty -y g1y )

"ﬁ] R

o 2uny57
#Metegs s 2‘|h
b g -]

N3] a|f-nygeng)-n
- 31 Ma] 4|-n i
sty —SEIT g ([ gim gy

2uly47 -
o 2:M4t0s B i~ (- 1™ Jsin
bl 115

| o) bgr{]-) | mar( )

+
108, 05000303 )05~ 1, ) (Mg 5+ 1y (g ey ) (03 ,-05) (0, -5 )0, -3, ) (03, - Dy - 1y )

.

- iy o eng -k
Esﬂiitcm;‘ﬂﬂ—b |Pyz=ny

buog{nf ;- | o=
(05~} 5 -1 0 - 05 - ) (a-)
Gy (7, t) =

n
g 1&f]

s
1= (-] T=]si:|

(40.25)

4|myeen)i-nd 5
2, geiny, | maendeag) sin® (e +0 -1 cos Tully Ty
BRag, mis'ﬂﬂ[ﬂiﬁ'nig][nii'nu)[niﬁ'niij I \I “n:[ﬂfg-ﬂﬂ y i’“&rmis'ﬂg]

BT
1-(-0™Mg T]ms

b -

- Mg]  4|p-nyesngd-nd
= gt L—[—ﬂmaT]ms IM:.

b

AJ Iur[ﬂiﬁ-ﬂﬂ B .{l -[y o+ —ﬂ; Tully 5Ty
S OS5 7

(03 -0 -, ) [0y 40y ) (g 405 4 el -03) Y by 03]

b+

4|(ny3+ng2-nf

G Y ve s S WA
B30, )~ ) By 5Dy g o W) ) ° syl E)
J.ImIJ

| soefdynd) Y L Y Tully5T,
Byl )~ D) Dy Dy 0] 0 gl -10)
Hmgrng?ond o fmyerngtnd  aunymy

o o) B zqef o) Betge(nd i)

(0 -0 050 ) (13- ) (0=

o
q Bt
i 13rl1—[—ﬂ’“& u ]m

bh-

-1
g 13f

M3
1—[—1_"“&T]m

b+

z.gﬂuf

Ty
1-[-1™ 'T]

4limeng?-nf o 4|myst -0t

Ll e g
05 - .

ﬂismis'ni]mi;'ﬂig][nis*‘ﬂis]mii'ﬂu) E"‘armis'ng]

Gz}'[:x.l y.l tJ =

rH
1-l-1™s T]m

26Msst
(40.26)

135 [_ 1M s~R1au][a 2. _n2 tultyzg 4| 2 _p?
My geinyeas 7 11" I[20: niﬁ]nmb:g:[nfg-néf dfﬂrmﬂ 03)

E?H.-R'ul- Eﬂig(ﬂig—ﬂﬂ[ﬂig—ﬂiﬂlﬂig—ﬂig)

&'ni3‘[1.—[—ﬂ“&nﬁ'\“][mfg—nh]cm%x *\,-anr(nfg-nﬂ e[ Rar]and, nd ] o zurnzr_ T *\.‘«ru:(ﬂirﬂi]
bage{Ry3-5) + bagy |0y,

204503 -0d)(0, 54045000340, ) (03.-nE)ind-nd )0 ;-0,4)

sMastf (gm0, nd, ] cos—asl *'cnr(nfg—ﬂf]}

.I_

bage(nf;-nd)” |
(n2g-nd)(n3-nd ) nyg-0y)

(40.27)
Gy x,3,8) =

_Mugm_].'s[r!ynfei“”‘[l-[-ﬂm&"nﬂ"‘“][mfa-ﬂfs] cos sy e ) -
buage (20502 -03)0y5-0y ) 0-Nye)  bag(nd-nZ) T VIO T
s (-0me B3 [10d, -0k, 2yl S

— 2 sy U (0%, - 07) +
2nig(ﬂig-ﬂi][ﬂig+niy)[nig+ﬂigj Efnr(nig-ﬂg]
sMrt1-(-1mg~Mazfu][z0d,-nd ) .yl AT oh

0 - cos* :”zxvﬂm(ﬂi?—ﬂiji-
[91;-ﬂi](ﬂu-ﬂig][ﬂu-ﬂu- Wnrmi?'ng]
&l'ugr[i—[—ﬂma-nu,"u][mfg—ﬂfﬁ]ms wlyaly _';;‘I'I[(, (ﬂz ﬂz]}
(0203 (02 -02 )0y 00y bag(0d-nd) " VEOCE

(40.28)

27



Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 13(1):14-37 (ISSN: 2141-7016)

Gy (x, ¥ t) =

n (_qim Ryl p2_nl fulyaly .
(e ™ B0 nd ] cos -b
Mg geing, bage(nd-ng) 4 [0+ 0500

. - r r cos | =
bugy, 25 (03,-03 100510y 510300 0y 3~ ) 4 ag(05;-0f) )

“Rystly (oMM on _ubyly
[ Jl20; 15]“03 bage|ni T %Jﬂgus‘lmy
2213[213—21]-.213+21:3-.I!13+213. '\| :.“;"[I!ig—ﬂi]
2™ (g™ P 00 ] cos ey -
5 [ L ][ 17 15] h:]::RET-R%’I CDS“|I"217+'Q“)2_E§ ‘
(02, -0 (02,0200 N w03
Rygtfy_[gmg-Tagu _ Zulysly
g [1 -1 ][ Dii Dig]iiﬁ o] "'Eg"'tg L ‘lm ]
cos | g
(02,0018 gDy \ e 00) (40.29)
Gy ry,t) =
202 —
s (-g™ _"13"‘][3953-955]3!'" %a u::mia‘f‘ )
1My geinboosyg | Zopl g Y
buag, ‘-Diamig'D J Q3= )0 50 £ (0430471 (04 3-04 )
4mggeng?-nt o o
"Rl (M Rt land g ] sin \;ﬁr.ﬂzt_.qz-,' t(-'&”::[nia'ni]
y S0t~y
[n2._o?(n?, _nd) i I 3 t
.914'91].914'91]'-914'-91;-'-914.'917-'-914'91;-
LR L e
25515:[1—:—1:‘.“5-51*\"][ Di'_PiS] 5in ﬁi u]:”‘i: ]
A g L PP PO PP P PP P f
Ang-nt e
2 547g (- R4/ o, - sin ﬁﬁ ol 03)
| 7
- +
(03 -2 )03 -3 (0 7-04 (0= (0504 )
sng-n? i
My (g -Ria"i][:nfg—ﬂislein %‘J .'&“;;[I!fg—f!i]
A
(0dg-01:)05,- 0310040005040y - 0y5) (40.30)
G;]. (XJJ:.' t:l =
n r -0y3full, 4
gy geosheingy | ° i=l-0% 13‘][:!!5;-!!%5]vu,:[nia-ni) . 4|W
' I I I I Srﬂ 1 =
b dge D13[923'EEJ'-D13'9143'-913'9153'-913'917:"-913'9133 3 clt[nig'nﬂ )
-0 ; =l 4
PRt RN Lt LY PR ,c,:[nia-nij 4|"—“_"-.—£!13+£!4. O
ssin | vy +
0330 -0 )03+ 0000340105 #0040y ) ) age[0F;-0]) )
0 O s T oo 4linggengi-nd
R i o AN R e
0elfy4m 0y
(0F,-03H03 03500y -0y 500044~ Dy 7 (0404
o iln 0.il-n
EERﬁ:[l-:-i)mf-niim][zpi -915] ujtfl‘in-f‘ ]\"r' ﬁa_}
| Zorl =Ryl
(035~ 03) (05 -0, )00y 5= 004 D0y =00y )0y =01y )
T il ilen
2e™78 (™R, nE “jtfl‘i.-f‘] m‘_}
(0300 -03, )0 -0 000~y (004
e DEt]y (1M~ Reg/u]fand_ _nl |4 2 Lﬁ"g
JghiE [1—-.—1. T ][;I!ig—ﬂis] .&”::[913-9 ]wr' nZ _r\2'|
(0F-0)(0] -, 0=y 000 -0y ‘npﬁ-pi-\ (40.31)

28



Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 13(1):14-37 (ISSN: 2141-7016)

B P A G”Urmig il

o[+ 005003 _4|\I‘13+I‘4‘13—I‘.

G;z(x v, £) = My gain yg

bugge Eia[n13'91]m13-91431913'915):913-911

—_— F

-n Rzl it (a2 4[isng-nk

& ﬁr[l—:—ﬂme 13/ ][2.':13—.'.115] \jc‘nr[ﬂig—.n :]WG .m:
N

cos 5in -
J0y3-048) \Iﬂ'ur[sz-nﬂ ‘\| f-’nr[nig-ni] Y

Y ST AL

Qy5(03-03) 0y 50y 0y 5+ 04500y 540010 4045

2

Ve 0 F

- E 4
2610 P03 03,0 e

. 4 |\D“+D4W—D-

P . ; cos
R P PP P PP PR PP P R 4 2

ﬂ\| a0 -03) yt

#peng? -nz

4 finyseng 08
. .

Rysthy_r_yma-Rygulfan?_ _n2 14 1 _p2
Fi:) [1. -1U"e ][2&1, Eis]‘.furmh Ei:l-ﬁﬂt? e :z-nz‘l

in —
P age[n5-nf)

(03503 T -0 )0y -0 )0y -0y (04 5-045)

4pengt-nd

FI
in 4lmyrengt-nd

Qg7 (1™ Ry 7]y _n2 14 1 _p?
et S S A L B ][2!!1;-215]‘jfm.[.[!”-.[!i:lcm e {SE-RZII

| moe(nf;-ail

(03 =03} 0], -0l 0y =0y (0= Dy 00y 20y )

Ryt o
LR L [ L e o Ty T | a:'urf.f‘fg— 2:] 4|(s+n4jz_ng

[T T

(03 -nd)0d -0l )0y g-0g, )00y -0y ) 0y Di, .qa.,r[st.n}]

My geinycosyy S R s e .

4|
feol0E,-0)

ez 7

efaei- (- M R1s ka0, - 15] ﬁ“nrmirf‘]

Ggg Cny.l t) ==

R Y R )

budy; (03 -03)(0y7-0yg) (03 -03,)

[nig'nﬂmi!'nii-[nig'nig:]

e sy (M taa land;-nd ]

2043055003047 (0 3-0e)

bay (x,y, t) =

My geosysinyg enigr[j__{_ﬂme-nig.-u][zf.z _I\EE] 4
bugg | 20y5(0d,-03)i0y5-0 )0y 50y ¥ ot

g, (02, - 03)

¢ B (ome i and; ) ¢

20,(0;-

/ &
' f:-0f \gfurmig'nﬂ
00,3407 (03 4+0y) l

EJ_

a‘uerfg—I‘:] s (MR g -ng ] ::!fnr[nir‘nﬂ

2213[{!53—&}]:31;+91' \.Pig+Pig:'

g™y (—1™e e and, nd,| c’urfl‘ig—!‘][
(nf-03)ny =000 -03)

feRasty_(

(0f-0

1M -0 13.-‘11]

- +
ing-049008,-0d,)

- TN
[zni;-nid 4 ~914+D4 0z

0y:(0F,-0310y:-0y5

IU243Ty

M0yz-048)

ya nrmu 2]" \l urrEL—E]y

sz 1 (- Mg Raziu][and — 15] G'I:Irmia_D )

sin T
b (o 13 ‘ﬂg:]

U Ty

sin————xc0s |————v +
bro(02,-02) 0 o Gael02,-02) ©
Ry7tfy [y —Ranu o 2 _n?) zsip—ufarTo
26717 1 (- 1) Jzni-n3e * ":I]I.'rpi; :lsmb Mﬂz__ﬂgﬁ' |

0500303100y 5+ )00y 3+ )
PR [IPET AL

My goosysiny
Gg5|:x.-}?;t] — 0 geosy .]vu4
Wdge

(nf,-n3)iny;-ny:0(08 03]
4 xE1;+E4.=—E5

s et Y
2etHE 1 (1M~ Ra a0 - ni,] curff‘ig—[‘i:]mn%;u—_"@lx
(n2,-031n, -0,-(08,-02.)
cus\lmy )

29

(40.32)

(40.33)

(40.34)

(40.35)



Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 13(1):14-37 (ISSN: 2141-7016)

Gas(x% t) =

T . ¥
My geinbeogy us'.r!F;— st (- 0mg-Raa] [0, - 0]

wiysly  sfagdRi;-03)

Wdge Eii[EEg"nHm13'Ei-{:'mii'nii:'mii'niij

4|
g'niaf[]__{_ﬂmeﬂig-"ul [EDEE'EEE] \iaur[nig'nﬂ

Euﬂlgl'u

o [z +0,07-00%
st

bageM5-12) " 4 (Rye-flgg) \Icurﬂ"ig—!‘]y

4|\£!13+E4,.=—I15

R

¥+

- - - - Sin - xsin
043(03;-03)0053-04) (0y3-042)0055-047) (0y3-048) ™ bage[03;-03) A ool 0f-0
Rygtfy _[_{Mg~M1afu]fon?, _pd,] | 1 _ 2 gim—ttligln
2s [i 1 ][EI!“ 215] \r.ﬂ’ur[f-'“ I‘.‘Js P r-nz -né'l |'1214+E433—I!;
. . ; N
Ty g L PP P L PP AL PP 4 ap(05,-0])
Rystly_[_qjmg-Dy5u _n2] ! 2 _n?) gip—ithaly
L ll0ds-03g] jeul0i-0i)an TETE oy .
. . B s
[‘nE5"Di][ni5'Ei3]‘nii'nu)‘nii'niij‘nii'nis- \| &“nrl:nfs-ﬂﬂ ¥
y7tfy(ogimeRanu]fand.on2,] | 2 _n?) sin—2uR1ilg
18 [l 1) ][El'!i, Eig] \Iﬂ'ur[nh Ei]S. ﬁ‘ Ri--ﬂ.ﬂ |'121;+E432—E;

e [ 8 L PR PO L PR P P Y
Tunyary

" el ) T

2011 ()M Rae% 02, 03] ey (02,-02) ain
[ L ][ 13 15] | orl==ig 1:] Ib!ﬂrinig'ngj

|I:.Dig+n4jz-n;

F F ; N
(03 -3 ) (0 -0 (00 500y ) 000y =00y D00y g1y ) 8 age(03,-0]) ¥
e snygsngt-nd
203;-0 (n2,-n2) sin—2224a00 L
ey = -Myg sin® mns-r-“ £ty [_yimg-Raz] a0k~ NEhtry 0y A e (ai;ed)" =nr.nﬁ-n3‘|
Gyl v t) = - - -
e udpe Ny3(0F5-01) 00y 500 1043- 04 5) (033-047)043-045)

uny3ly

R (R 2001 o, O i

x
baye(nf;-nf)

4 [FR

043003, -03H0, 540, (0 40500 3405000, 5+045)

Rygtfy_[_maD1au[zn2, _n2. |4 I _p?
2eMef [t [0 ll20d, I!1.|i]‘r.“*'lilr['nu. I!i:I . 2ullyTg

in !
v aael0f;-0i)

YA

. . ; SN
[nL-Ei][nL-Ei3:]tnirni5:'~914-91:3\914.-9153 Mur[EL—EQJ

PR

4|fmys+n,2-0k

2ePay [ComemPaau][and _nd, ey, (0F 0] sin—i04E00
[~ Jends-nel joa(0ds-03) o= =

! T 2
| zoe{ng5-ng)

(03 -03)(02 N2 10y 50405 -0y (0 5~y )

4 Rr'ﬂa.,"z'ﬂg
sin '

267 (-0 20 0] 00 v P 2 s ST
(03-nd)nd -nd )0y ;-0 )00, -0y 0 -0y )
268y [ gmP1g]and, n3, )] JGor(0dg-0 ]sjnbn:“liiz!lg‘l *I';figr:';#i;ﬁlg.
4 Torfig~)
T A PP PR PP PR PP P
Gog (. t) =
-Mpg sin®sinyy [mig_niE]*_’Qnrmig_ni)enigf[l_{_ﬂme'ﬂig:‘u]m‘nb zurnizgl:II T T3+ 0112 PPETA LT
b o Ryg-0g) 4|~ 13+ 5 ¢|* 13+ 5
Wage DlirDiE_Di:l‘Dii_DH (0300 M0y -0y 7] (03— \I ‘”urrpirpz:l s ‘\| ‘fnrmig‘DJ
[ 4inggengR-ni &|f-nyg+ng2-ni
bt 1 b e (B [

cos b+

N o)

Tuly4lg

F R g L T P PR L P PR K P P

r - r -
“',1'214.'1'!4..'2'1?5b3|. 4limygrng?-ng

282140 (-0 144 203 0] e, 1) i

bage(ni,-nd)

T2 i) e 07 -2
o zoe{nig-ni) o =ue(ni-ng)

o,

282450 (- 0™/ 0]~ ] oo, 03 i

L PP R
bape(ni;-nj)

~0H0g -0} 0 -0 0 -0 004~ 0y)

4|imys+ngi-nd
o =or{nis-ng)

" 2_n2
4ipys+ngt-ng.
T

|| =e(niz-nd)

[} -ni(n]-ng )0y sy 00y -0y

Tyl

A0y-04g)

4fimyrengP-nd 4y ren,yi-nt

- -y 4| .
217 1 (- ™~ Ran 2 nd g, ] e (0F -03) sin
[ L ][ 17 iE] | otl==q7 1) bﬂnr'ni-'ﬂgﬂ

Xoos

rn2.—n? g o ¥
2| z{ng-ng) 2| zoe{ngz-ng)

(03— (g, - 03 10y -0y 0 -0y )

Tullygly

10y 7-Dyg)

dipggengi-ng o 4|Rygeng?ond

Tygtfy_(_ymo-Dygfu 2 _n? 1% 2 _n?Y g
18 [t-1-10™g Jlznie I!“]Ucurl:ﬂig I!i:lxu:b!n (nd,-o3)

I ! R
o Toe(0ig o) o moe{niz-ng)

(03 -3 (03 -03 10—y ) (0 p- 0y )

(0505

30

(40.36)

(40.37)

(40.38)



Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 13(1):14-37 (ISSN: 2141-7016)

G!.', I:-r.l :]".l t:l =

Ml e o 5 e v S
Wige Eigmig—ﬂi15913—91735213—&'133 VR o EJ:;,IF.EE—E%I

e Bastfi-(-ame R ]and.-0d] , ————= . 0.l
———— = g (0F, - 0] sin— - t
205 (N -03)0 40500y 54 0y ) : bayg(03;-nd)
eBrti-(mgme =R ]and.-nd] , ————= . 0.l

Al_nf\ il : ‘ui f\"c:fl‘ﬂi?_ﬁi'lsmﬁr'l_

- 03)(0,-05,)(0, 04 bage 12, -012)
i e | ) Y vy QP LI VRN

(TR iy 3 ot~ S0 e i 1 (40.39)

Gyl y,t) =
-Myg sinFroasy sing (o13t]t- (- Dme B3 a0d 03] , ———— . T,
lan e — %) gip————
Uiy J\1'313[5-'53'95I::Eiz'nifjif-'n-f-'133 Vel = 0 Sm&'ﬁ::mis‘ngl
s'“13‘[1—5—1-‘“‘5“13"‘][:Ei3—ﬂis]4.W .
Ay (05507034070 (D4 04) Vi~ Sm“::[ﬂirn%:
et Me =B |anf- 0]y ———— . T,
V[ = =10#) _—
R e R L U Uy
glaatlt-(-Ome B nl e 04y ————= . gl )
T R gl = 0y ) sin———= x
(02-0dlind-0d )00y VIR Y gy 0d) 7 (40.40)
Substitution of equations (40) into equation (39) At this juncture, the critical velocities for the system
yields the first order correction of equation (19). of a highly prestressed orthotropic rectangular plate
From equation (19), the perturbation scheme of a under the action of travelling masses are sought. Few
uniformly valid solution in the entire domain of of the critical velocities that exist in the dynamical

definition of the plate problem is given as system are given as

W(X, y, 1) =W, (X, y,) +ew, (X, y,t) (a1)

I+

sl

1+

uy (m,m) = (1+£,/T-%0,) (44)

Where WO(X, Y,t) and w, (X, y,t) are respectively S et
the leading order solution and the first order . (m. 1) :3(5 o minl+ B o2 m4n4+%},:)
correction. These are given as (35) and (39) in that - A -V e :

order. In view of equations (35) and (39) equation _ (45)
(41) becomes the required uniformly valid w.lm )= |— B¥1 __ (46)
approximate analytical solution of the plate ) W L-bagemiw?

dynamical problem.

|}:'; Er!.ii,r:)i\j}:’zzi nkal -4 (K By (nka)

u (nk.m) =+ — (47)
REMARKS ON THEORY 4 28,k
Equations (35) and (39) are the leading order and the where
first order (transformed) solutions of the problem.  H.(k) = k*r,* (48.1)

The leading order and the first order solutions are

combined in equation (41) to form the composite g (4 k. 7) = brg(rinn? + B2 ? — aypptgiet e, ) (48.2)

solution which is uniformly valid in the entire domain i i TR TR
of the highly prestressed orthotropic rectangular
late. ) g g g
P Hy(nkm) = (by? + ba k)(pinin? 4 bK2 - am:ﬂ:z:,ri,;”u) (48.3)

It is observed from the leading order and first order ~ Where

solutions that fully clamped highly prestressed 0. = y2 0 — + [mentul e = mgiyl
orthotropic plate traversed by moving concentrated 17 T S 1w 3 = Mo,
masses reached the resonant state whenever 0, = mmurg 8y —yg)

=T 1+agemint+rgdiy—yg) |
o= 11, (42) [ mmuryb{y—yo)+yimen? 7 ul-pyd
Other conditions when the system reaches a state of ~ fls = iﬂl( 1+Emmzﬁz+%5(;_}b} 0, 0 = iﬂl b:xnr-'
resonance are ] 0. = robi.
oy =11y, Ng=10q N,=107 6 =8and =0, T Zli:xnrnzyrzna_+u5 g—bzr,la_:l !

. (43)
From (42 ) and (43), it is observed that the resonance
conditions of the plate are dependent on anisotropic
prestress, mass ratio and rotatory inertia correction
factor.
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[ o yEinene used for the analysis are b = 0.65 m , g = 9.81,

flg =+ lﬂ? appn®niny— utrg—b%n, ’ T = %, ¥ =0.2
N = + (ri —i, T +mirtagrtredly—ye) u = 8.128%. The values of the prestress ratio in the
Vaor  bage ot x-direction range between 0 and 4 000 000 N. The
0y, = i»'m critical velocities are plotted against prestress for
s = 0, + Dgandas = 0, — g (49) various values of rotatory inertia and rotatory inertia

for various values of prestress ratio

Numerical Simulation

In order to illustrate the analytical results, for
instance, the orthotropic rectangular plate is taken to
be of length 1.0 m and width 0.9 m. Other values
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Figure 1: The graph of critical speed against prestress for various values of rotatory inertia (ROT= <, )
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Figure 2: The graph of critical speed against prestress for various values of rotatory inertia correction factor
(ROT= %4).
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GRAPH SHOWING CRITICAL SPEED AGAINST ROTATORY INERTIA
CORRECTION FACTOR FOR VARIOUS VALUES OF PRESTRESS
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Figure 3: Graph showing critical speed against rotatory inertia correction factor for various values of prestress.

GRAPH SHOWING PRESTRESS AGAINST CRITICAL SPEED WITH
VARIOUS VALUES OF ROTATORY INERTIA CORRECTIONFACTOR

700

600 - ’
500 - S
400 - /.

300 - A

»w ununm=I <4 um =IO
(N
N

200 T /'

100 A 2>

0 T T T T
0 10 20 30 40 50

CRITICAL SPEED

ROT
=0.0
02

Figure 4: graph of prestress against critical speed for various values of rotatory inertia correction factor
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Figure 5: Graph showing critical velocity against prestress for various values of mass ratio.
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Figure 6: graph showing critical speed versus prestress in the Y-direction for various values of rotatory inertia
correction factor
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GRAPH SHOWING CRITICAL SPEED AGAINST PRESTRESS IN X-DIRECTION
FOR VARIOUS VALUES OF ROTATORY INERTIA CORRECTION FACTOR
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Figure 7: graph showing critical speed against prestress in the x-direction for various values of rotatory inertia
correction factor
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Figure 8: Graph displaying critical speed against prestress in the Y-direction for various values of mass ratio.
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Figure 9: graph showing critical speed against prestress in the X-direction for various values of rotatory inertia

correction factor.

Figure 1 displays the graph of critical speed uy
against prestress. From the graph, it is observed that
the critical speed u; increases with increased
prestress for various values of rotatory inertia
correction factor. Thus, for high value of prestress,
the structural design under consideration is more
stable and reliable. Similar submission goes for figure
2, where the critical speed u; behaves exactly the
same way asit;.

Evidently, the critical speed increases with prestress
for all values of rotatory inertia correction factor
used. Thus resonance is reach earlier for lower values
of prestress than for high values of prestress. Thus,
the design is more stable and the risk of resonance is
remote for high values of prestress.

In figure 3, it is clearly seen that increase in the
values of rotatory inertia produce incr ease increase
in in critical speed which connotes lower risk of
resonance.

Figure 5 depicts increase in prestress leading to
increase in critical speed. For smaller values of mass
ratio, the critical speed is higher indicating that the
durability and stability of the structure is guaranteed.

Figures 6, 7 and 9 shows that the rotatory inertia
correction factor does not affect the system
significantly as the prestress values increase.

In figure 8, as the prestress values increase, the
critical speed also increases. It is also observed that
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the smaller the mass ratio, the greater the critical
speed.

CONCLUSION

This study concerns the problem of the dynamic
response of a highly prestressed orthotropic
rectangular plate under a concentrated moving mass.
The problem is governed by a fourth order non-
homogeneous partial differential equation. For the
purpose of solution, the equation of motion of the
plate problem is presented in a dimensional form. It is
observed that a small parameter multiplied the
highest derivatives in the governing differential
equation. Thus, this type of dynamical problem is
usually amenable to singular perturbation technique.
In particular the Method of Matched Asymptotic
Expansions (MMAE) is used. This technique
constructs outer (core) and inner (boundary layer)
solutions that are valid in partly disjoint domains.
These solutions are then matched in an intermediate
domain where both asymptotic expansions are valid.
Consequently, an approximate uniformly valid
solution in the entire domain of definition of the
rectangular plate is obtained with the rigorous use of
Laplace transformation and the Cauchy residue
theorem. This solution is analyzed and some
resonance conditions are obtained in the dynamical
system.

A numerical simulation is carried out and the study

reveals the following results:

€)) the leading order solution and the first order
correction are affected by the mass ratio and
anisotropic prestress. However, the
effects of rotatory inertia correction factor is
not appreciably noticed.
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(b)

.(c)

(d)

As the prestress increases , the critical speed
of the orthotropic rectangular plate traversed
by moving concentrated masses also
increases.

there may be more than one resonance
condition in a dynamical system such as this
which involves plate flexure under
moving concentrated masses.

the smaller the mass ratio the better the
improvement in critical speed.

Finally, this work has showcased the use of a
valuable method for the solution of this class of
dynamical problems.
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