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Abstract  

In this paper the dynamic response to concentrated moving masses of highly prestressed orthotropic rectangular 

plate-structure is examined. When the ratio of the bending rigidity to the in-plane loading is small, a small 

parameter multiplies the highest derivatives in the equation governing the motion of the plate under the action of 

moving masses. Such vibrational problems defile conventional methods of solution. An approach suitable for 

the solution of this type of problem is the singular perturbation. To this end, a choice is made of the method of 

matched asymptotic expansions (MMAE) among others. The application of the singular perturbation scheme in 

conjunction with the finite Fourier sine transform produces two different but complementary approximations to 

the solution for small parameter - one being valid in the region where the other fails. One is valid away from the 

boundary called the outer solution while the other is valid near the boundary called the inner solution. Thereof, 

the Van Dyke asymptotic matching principle which produces the unknown integration constants in the outer and 

inner expansions is applied. Thereafter, the inverse Laplace transformation of the obtained results is carried out 

using the Cauchy residue theorem. This process produces the leading order solution, and the first order 

correction, to the uniformly valid solution of the plate dynamical problem. The addition of the two results above 

produces the sought uniformly valid solution in the entire domain of definition of the plate problem. Similarly, 

the resonant states and the corresponding critical speeds are obtained. The analysis of this result is then shown in 

plotted curves. Graphical interpretation of the results show that the critical speeds at the respective resonant 

states increase as the value of prestress increase thus the risk of resonance is remote as prestress is increased for 

any choice of value of rotatory inertia correction factor. Also, lower values of rotatory inertia show variation in 

the value of critical speed hence the possibility of resonance. Similarly, the critical speed increases with shear 

modulus for various values of prestress. However, as the value of shear modulus increases, critical speed 

approaches more or less constant value. Thus, a design incorporating high value of shear modulus is more stable 

and reliable. The critical speed increases with material orthotropy for lower values of rotatory inertia correction 

factor. 
_________________________________________________________________________________________ 
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INTRODUCTION 

The problem of assessing the dynamic response of an 

elastic structure (beam or plate) which supports 

moving concentrated forces have been treated by 

several authors in applied mathematics, engineering 

and applied physics [1]. However, this problem is an 

approximation to the original, more difficult problem 

in which the inertia effect of the moving load (a more 

appropriate representation of what takes place in the 

real world) is taken into account.  

 

The more realistic case in which the elastic structure 

is traversed by moving concentrated mass is taken 

into consideration is fundamental in the analysis and 

design of roadways, airport runways, and highway 

and railway bridges. Many aspects have to be taken 

into consideration in the design and construction of 

these structures to improve their performance and 

extend their life. One aspect of the design process is 

the dynamic response of structures. Owing to its wide 

range of application in the engineering fields like 

transport engineering, aerospace engineering, civil 

and mechanical engineering, the problem has been 

studied by many researchers [2].  

 

It can be gathered from the above statements that 

dynamical problems involving moving loads can be 

generally grouped into the following three classes: 

(a) In the first case, the mass of the moving load 

is considered much smaller than the mass of the 

structure it is traversing,  

(b)  The second class comprises of the system 

for which the mass of the structure is assumed to be 

much smaller than that of the moving load and thirdly 

we have  

(c) The case in which both the mass of the 

structure and that of the moving load are of 

comparable magnitude.  

 

The first case is much simpler than the second and 

the third. In fact, the first is the commonest problem 

treated in literature. In this problem, the inertial 
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effects of the moving load are assumed negligible and 

only the force effects of the moving load are taken 

into consideration. Thus, this type of problem is 

termed the “moving force” problem. Though, the 

problem, on the assumption, has been greatly 

simplified, the following question arises: how safe is 

a design based on this assumption. The justification 

of this assumption would have been established had 

the solution of this approximate model been proved 

to be an upper bound for the actual deflection of the 

dynamical system. This approximation model in 

which the vehicle-track interaction is completely 

neglected has been described as the crudest 

approximation known in the literature of assessing 

the dynamic response of an elastic system which 

supports moving concentrated masses. The most 

difficult of all the three types of the problem is the 

third, while both the second and third problems 

involve not only the consideration of the force effects 

of the moving load but also its inertial effects, the 

moving load in the formal does not have mass 

commensurable with the mass of the structure. The 

third type of problem may be termed “moving mass” 

problem.  

 

This is an improvement over existing works in 

literature that determine the displacement response of 

plate-structures under the action of moving loads. In 

this work, the third case is presented. When the 

inertia effect of the moving load is so considered, the 

governing partial differential equation of motion 

becomes complex and laborious and no longer has 

constant coefficients. In particular, the coefficients 

become variable and singular. More complicatedly is 

the situation whereby the plate-structure is highly 

prestressed and orthotropic in which bending effects 

at the boundaries are considered. In particular when a 

plate-structure is highly prestressed a small parameter 

multiplies the highest derivative in the governing 

differential equation. This class of dynamical plate 

problem in which a small parameter multiplies the 

highest derivatives in the governing differential 

equation is not common in literature. However, this 

class of plate problems have been solved when the 

plate is executing free vibration or when a static load 

is acting on such plates, Hutter and Olunloyo [3, 4]. 

Instances in which plate-structures are subjected to 

moving concentrated forces are attempted by [5], 

with the discovery that it may not be safe to rely on 

the approximate solution produced by the problem of 

dynamic response of plates to moving forces (as 

opposed to moving masses). The problem of highly 

prestressed orthotropic plate-structures subjected to 

moving masses is rear in literature. 

 

In boundary-initial value problems in which a small 

parameter multiplies the highest derivative, the 

conventional methods of solution fails and one seeks 

an approximation technique. The approximate 

analytical solution technique to which this plate 

dynamical problem, involving a small parameter 

multiplying the highest derivative, is amenable is the 

singular perturbation (since the order of the equation 

is lowered when the small parameter (say )). 

Commonly seen in literature is the analysis of plate 

structures whose material is assumed to be 

homogeneous and isotropic in all directions. But in 

many practical applications of plate structures 

however, it is often necessary to consider directional-

dependent bending stiffness, that is, the structural 

properties of the plate differ in two mutually 

perpendicular directions. Such structural elements in 

which resistance to mechanical actions is different for 

different directions can be strengthened by 

corrugation, corrugated plates or strengthened by 

stiffening ribs, to name a few.  

 

According to Rudolph [6], not only will civil 

engineers need to calculate stresses and strains in 

orthotropic plates, but also physicists who deal with 

plates made of crystals, for instance quartz crystals. 

In some other cases, the structural material itself is 

inherently orthotropic. Two-way reinforced concrete 

slabs are prime examples of such natural anisotropy. 

Orthotropic plate-structures are very common in 

present-day engineering. In architectural engineering 

for example, reinforced-concrete slabs with one-way 

or two-way joists are often used for floor systems in 

buildings. In civil engineering, the highway bridge 

decks usually consist of plates stiffened with 

rectangular, triangular or trapezoidal ribs. The use of 

stiffened plates is especially indispensable in ship and 

aerospace structures. That is, the hull of a ship, its 

deck, its bottom and superstructure may be 

considered as orthotropic plates. Similarly in flight 

structures, the wings and fuselage consists of skin 

with an array of stiffening ribs. 

 

In this study, consideration is given to orthotropic 

plate-structures, in which the principal directions of 

elasticity coincide with the coordinate lines x, y, 

traversed by moving mass, thus incorporating the 

rotatory inertia correction factor. 

 

MATHEMATICAL FORMULATION  

In this research work, the problem of the dynamic 

response to moving concentrated mass of a highly 

prestressed orthotropic rectangular plate is examined. 

Neglecting the effects of shearing prestress and shear 

deformation, the transverse displacement of 

a highly prestressed orthotropic rectangular plate 

occupying the domain  and 

traversed by a moving concentrated mass, when the 

rotatory inertia correction factor is incorporated, is 

governed by the fourth-order partial differential 

equation of the form  
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 (1) 

where, 

 and  are respectively the flexural rigidities in 

- and - directions,  is the effective torsional 

rigidity,  and are respectively the axial 

prestress in - and - directions,  are the spatial 

coordinates,  is the time coordinate,  is the 

rotatory inertia correction factor,  is the mass of the 

plate per unit area,  is the displacement 

response of the plate,  is the applied external 

moving load,  is the Laplacian operator 

on . 

Since the plate is assumed to be fully clamped, the 

boundary conditions are  

,        

     (2) 

,        

     (3) 

For simplicity, the plate is assumed to be at rest prior 

to the arrival of the load, and so the initial conditions 

are 

,           (4) 

The concentrated load traversing the rectangular plate 

has mass commensurable with the mass of the plate. 

Thus, the external load takes on the complicated form 

  (5) 

in which , the continuous moving force 

acting on the rectangular plate, is denoted as 

  (6) 

where  is the unit concentrated force acting 

at a point called the Dirac delta function, M is 

the mass of the rectangular plate,  is the acceleration 

due to gravity and  is a convective 

acceleration operator on  defined in 

Fryba[1] as    

  (7) 

 

Here physical meanings can be given for the terms 

involved in the right hand side of equation (7). The 

first term measures the effect of acceleration in the 

direction of deflection, the second term measures the 

effect of complementary acceleration (i.e. Coriolis 

force) and the third term measures the effect of the 

part of curvature (i.e. centrifugal acceleration) of the 

plate induced by the mass of speed c at the position 

of action. 

This moving mass model has been adopted by 

Stanisic and Hardin [7], Ting et al [8], Sadiku and 

Leipholz [9], Akin and Mofid [10]. 

 

NON-DIMENSIONALIZATION 

For the purpose of approximate solution, it is 

pertinent to present equations (1) – (3) in 

dimensionless form. This act brings out the important 

dimensionless parameters that govern the behaviour 

of the dynamical system. With the introduction of the 

dimensionless quantities  equation 

(1) becomes 

(8)
 

where it is assumed that  as will happen if 

the flexural rigidity is weak compared to the high 

prestress,  and is defined as 

     (8.1)  

where as usual  denote the plate’s bending 

rigidity in the -direction,  a reference prestress 

and L is a characteristic length with respect to which 

the deflection and the two coordinates are normalized 

viz:   . On the other hand 

time is assumed to be normalized with respect to a 

characteristic frequency  such that  

  and .  (8.2) 

The coefficients  and  measure material 

orthotropy such that 

    (8.3) 

While  and  measure the prestress ratio and are 

defined as 

            (8.4) 

respectively. 

Also 

                             (8.5) 

is the coefficient of rotatory inertia. 

    (8.6) 

is a measure of the mass ratio and 

    (8.7) 

subject to the boundary conditions (in non-

dimensional form). 

  (9.1) 

 

 (9.2) 

together with the initial conditions 

   (10) 
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OPERATIONAL SIMPLIFICATION 

It is observed that a small parameter multiplies the 

highest derivatives in equation (8). For such problems 

a regular perturbation lowers the order of the 

differential equation –except in this regions of rapid 

change (often called boundary layer) where the high 

value of the derivative cancels the effects of the 

multiplying small parameter- which in turn means the 

solution cannot satisfy all the boundary conditions. A 

special treatment is therefore needed in the region 

near as well as at the boundary where its boundary 

condition is yet to be satisfied. And as such, the 

problem is only amenable to singular perturbations, 

in particular the method of matched asymptotic 

expansions (MMAE). However, equation (8) is 

considerably simplified by introducing the Laplace 

transformation defined by  

,),,(),,(
0

dtetyxWsyxW st





 0,0  ts     (11) 

With the properties 

   (12.1) 

    (12.2) 

where  is the Laplace transform operation symbol. 

Taking  as the principal variable will make equation 

(8) to become 
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   (13)                 

Where  

 = (14.1) 

 = (14.2) 

 = (14.3) 

 (14.4)) 

The integrals (14) cannot be easily evaluated and so 

use is made of trigonometric series representation of 

the Dirac delta function obtained from the Fourier 

series expansion of the function as 

  

 

 (15) 

In view of equation (15) the complete Laplace 

transformation of equation (8) is  
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subject to the boundary conditions 
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Together with the initial conditions 

t

yxw
yxW




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)0,,(
0)0,,(    (18) 

SOLUTION PROCEDURE 

In equation (16), an exact uniformly valid solution in 

the entire domain is not possible and it is observed 

that a small parameter multiplies the highest 

derivative in the governing differential equation. 

Thus, the singular perturbation method is used, in 

particular the method of matched asymptotic 

expansions, to solve the dynamical problem. This 

technique provides an approximate solution to the 

given problem in terms of two separate expansions 

which are valid in a closed 

interval . The two 

expansions called inner and outer expansion, neither 

of which is uniformly valid but whose domain of 

validity together cover the interval Ω. The method of 

matched asymptotic expansions (MMAE) developed 

by Bretheton [11] required that the asymptotic 

solution of equation (16) be of the form 

),,(),,(),,( 1 tyxwtyxWtyxW o    (19) 

Substitution of equation (19) into equation (16) gives, 

after rearranging and equating coefficients of the 

powers of , the recurrence relations  
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 Where  
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And  

 
22

2

4

2

122

2

4

2

14

2

4

2

4 ),,(),,(
2

),,(
,,

yx

syxW

yx

syxW

x

syxW
syxWD














 




 

(22) 

Here the subscript of ),,( syxW  denote the order of 

  and 224  ( 2 is the Laplacian operator) 

while D  is as earlier defined. Subject to the 

transformed conditions at the boundaries 

  (23.1) 

  (23.2) 

  (23.3)
 

  (23.4) 

Now, use is made of the perturbation scheme: 

  (24) 

where superscript  refer to inner solution. Equation 

(24) is also valid near , where the inner 

variable is set as . Expressions similar to 

(24) can be written down for the solution near  

and , where the inner variables are set 

respectively as and , as 

  (25) 

Substitution of equation (24) into equation (16) near 

either   or  produces 
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Subject to boundary conditions  

  (28) 

Similarly, near  or  one obtains the 

differential equations                                 

 
      (29)       

 

, 

 𝑣 = 2                                                                                                                              (30) 

Subject to the boundary conditions 

  (31) 

Next, the solutions of equations (20) for the function 

 and equations (26), (27), (29) and (30) for 

the functions  and  subject to 

the respective boundary conditions (28) and (31) are 

sought using finite Fourier sine integral 

transformation method. 
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LEADING ORDER SOLUTION 

Here the solutions of  and  are 

sought. 

 SOLUTION FOR  

By setting  = 0 in the recurrence relation (20), yields 

the governing differential equation for . 

This is subjected to finite Fourier sine transformation 

together with its inversion to produce 

  (32) 

 

Where 

 

  (32.1) 

 
 

  (32.2) 

 =    (32.3) 

= [- ]   (32.4) 

= [- ]   (32.5)  

 =     (32.6) 

 =  ( + (   (32.7) 

  (32.8)  

   (32.9) 

And  and  are arbitrary constants yet to be 

determined by matching. 
  SOLUTION FOR  

Also, setting𝑣 = 0 into equations (26) and (28) and 

neglecting terms with negative subscript, the leading 

order inner differential equation governing the 

leading order inner problem is obtained. Subjecting 

this equation to some mathematical manipulations 

produces the leading order inner solution as 

  (33) 

In equation (33), exponentially growing terms have 

been neglected while the functions  

and  are to be determined by matching. 

 

MATCHING PROCESS 

Considering the outer solution (32) and the inner 

solution (33) for the leading order solution which 

satisfies the dynamical plate problem in partly 

disjointed regions of the domain of definition, the 

matching of (32) and (33) produces the constants in 

(32). In order to do this, the Van Dyke’s matching 

principle which requires that“m-term inner expansion 

of (the n-term outer expansion) equals the n-term 

outer expansion of (the m-term inner expansion)”, 

where m and n may be any two integers that need not 

be equal, is adopted. Thus, the matching process 

yields 

   (34.1)  

    (34.2)                                                                                                     

  (34.3) 

  (34.4) 

 (34.5) 

Substitute equations (34) into equation (32) and 

simplify further, thereafter obtain the Laplace 

inversion using Cauchy residue theorem as 

  (35) 

where 

  (36.1) 

  (36.2) 

    (36.3) 
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           (37.11) 

The combination of the results  (37.1 – 37.11) 

substituted into (35)  yields the desired leading order 

solution of (24) which represents the uniformly valid 

solution of the entire domain of definition of the 

given plate problem. 

 

First Order Correction 

The next corrections in outer solution are obtained by 

setting   in equation (20). The governing 

equation for  is given as 

(38) 

Now attempt is made on equation (38) for the solution of  The procedure of getting this solution is 

analogous to that of . Similarly for . Following the processes outlined for  

holistically one obtains the solution of  as  
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Where 

 
            

  

 

(40.3) 

           (40.4) 

           (40.5) 

           (40.6) 

 
  

 (40.8) 

(40.9) 
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(40.10) 

}   (40.11) 

    (40.12) 

{  + 

       (40.13) 

sin }    (40.14) 

=  }  (40.15) 

  (40.16) 

   (40.17) 

 (40.18) 

                    (40.19) 

                    (40.20) 
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 (40.22) 

}+

  (40.23) 

 (40.24) 
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  (40.25) 

     (40.26) 

  (40.27) 

  (40.28) 
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   (40.29) 

  (40.30) 

  (40.31) 
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  (40.32) 

      

  (40.33) 

   

  (40.34) 

  (40.35) 
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 (40.36) 

 

  (40.37) 

 (40.38)  
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  (40.39) 

   

  (40.40) 

Substitution of equations (40) into equation (39) 

yields the first order correction of equation (19). 

From equation (19), the perturbation scheme of a 

uniformly valid solution in the entire domain of 

definition of the plate problem is given as 

),,(),,(),,( 1 tyxwtyxWtyxW o    (41) 

Where ),,( tyxWo  and ),,(1 tyxw  are respectively 

the leading order solution and the first order 

correction. These are given as (35) and (39) in that 

order.  In view of equations (35) and (39) equation 

(41) becomes the required uniformly valid 

approximate analytical solution of the plate 

dynamical problem. 

 

REMARKS ON THEORY 

Equations (35) and (39) are the leading order and the 

first order (transformed) solutions of the problem. 

The leading order and the first order solutions are 

combined in equation (41) to form the composite 

solution which is uniformly valid in the entire domain 

of the highly prestressed orthotropic rectangular 

plate. 

 

It is observed from the leading order and first order 

solutions that fully clamped highly prestressed 

orthotropic plate traversed by moving concentrated 

masses reached the resonant state whenever                                          

    

     (42) 

Other conditions when the system reaches a state of 

resonance are  

,  and  

.                      (43) 

From (42 ) and (43), it is observed that the resonance 

conditions of the plate are dependent on anisotropic 

prestress, mass ratio and rotatory inertia correction 

factor.  

At this juncture, the critical velocities for the system 

of a highly prestressed orthotropic rectangular plate 

under the action of travelling masses are sought. Few 

of the critical velocities that exist  in the dynamical 

system are given as  

  

  (44) 

 

    (45) 

   (46) 

  (47) 

where 

                   (48.1) 

 

 (48.2) 

  

 

 (48.3) 

where 

,  , 

 ,  

,  

 ,   
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 ,              

,   

and    (49) 

 

Numerical Simulation 

In order to illustrate the analytical results, for 

instance, the orthotropic rectangular plate is taken to 

be of length 1.0 m and width 0.9 m. Other values 

used for the analysis are b = 0.65 m , g = 9.81, 

 

 The values of the prestress ratio in the 

x-direction range between 0 and 4 000 000 N. The 

critical velocities are plotted against prestress for 

various values of rotatory inertia and rotatory inertia 

for various values of prestress ratio  
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Figure 1: The graph of critical speed against prestress for various values of rotatory inertia (ROT ) 

 
Figure 2: The graph of critical speed against prestress for various values of rotatory inertia correction factor 

(ROT ).  
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Figure 5: Graph showing critical velocity against prestress for various values of  mass ratio. 

 

 

Figure 6: graph showing critical speed versus prestress in the Y-direction for various values of rotatory inertia 

correction factor 
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Figure 1 displays the graph of critical speed  

against prestress. From the graph, it is observed that 

the critical speed  increases with increased 

prestress for various values of rotatory inertia 

correction factor. Thus, for high value of prestress, 

the structural design under consideration is more 

stable and reliable. Similar submission goes for figure 

2, where the critical speed   behaves exactly the 

same way as .  

 

Evidently, the critical speed increases with prestress 

for all values of rotatory inertia correction factor 

used. Thus resonance is reach earlier for lower values 

of prestress than for high values of prestress. Thus, 

the design is more stable and the risk of resonance is 

remote for high values of prestress.  

 

In figure 3, it is clearly seen that increase in the 

values of rotatory inertia produce incr ease increase 

in in critical speed which connotes lower risk of 

resonance. 

 

Figure 5 depicts increase in prestress leading to 

increase in critical speed. For smaller values of mass 

ratio, the critical speed is higher indicating that the 

durability and stability of the structure is guaranteed. 

 

Figures 6, 7 and 9 shows that the rotatory inertia 

correction factor does not affect the system 

significantly as the prestress values increase. 

 

In figure 8, as the prestress values increase, the 

critical speed also increases. It is also observed that 

the smaller the mass ratio, the greater the critical 

speed.  

CONCLUSION 

This study concerns the problem of the dynamic 

response of a highly prestressed orthotropic 

rectangular plate under a concentrated moving mass. 

The problem is governed by a fourth order non-

homogeneous partial differential equation. For the 

purpose of solution, the equation of motion of the 

plate problem is presented in a dimensional form. It is 

observed that a small parameter multiplied the 

highest derivatives in the governing differential 

equation. Thus, this type of dynamical problem is 

usually amenable to singular perturbation technique. 

In particular the Method of Matched Asymptotic 

Expansions (MMAE) is used. This technique 

constructs outer (core) and inner (boundary layer) 

solutions that are valid in partly disjoint domains. 

These solutions are then matched in an intermediate 

domain where both asymptotic expansions are valid. 

Consequently, an approximate uniformly valid 

solution in the entire domain of definition of the 

rectangular plate is obtained with the rigorous use of 

Laplace transformation and the Cauchy residue 

theorem. This solution is analyzed and some 

resonance conditions are obtained in the dynamical 

system.  

 

A numerical simulation is carried out and the study 

reveals the following results: 

(a) the leading order solution and the first order 

correction are affected by the mass ratio and 

anisotropic  prestress. However, the 

effects of rotatory inertia correction factor is 

not  appreciably noticed. 
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(b) As the prestress increases , the critical speed 

of the orthotropic rectangular plate traversed 

by moving  concentrated masses also 

increases. 

.(c) there may be more than one resonance 

condition in a dynamical system such as this 

which involves plate  flexure under 

moving concentrated masses. 

(d) the smaller the mass ratio the better the 

improvement in critical speed. 

 

Finally, this work has showcased the use of a 

valuable method for the solution of this class of 

dynamical problems. 
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