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Abstract 

This paper considers the scheduling problem of simultaneously minimizing the makespan and total completion time 

criteria on a single machine with release dates. Since the problem has been characterized as �P-Hard, approximation 

algorithms are desired for solving the problem. A new implementation of an existing algorithm (GAlg) was adopted for 

this scheduling problem. This is appropriately named �GAlg algorithm. The �GAlg algorithm was compared with the 

Best Beta (BESTB) algorithm selected from the literature. The two criteria were aggregated together into a linear 

composite objective function (LCOF). Five variants of the LCOF were utilized. Performance evaluations were based on 

both effectiveness and efficiency of the algorithms. Both �GAlg and BESTB algorithms were tested on a set of 900 

randomly generated single machine scheduling problems. Experimental results show that the �GAlg algorithm 

outperformed the BESTB algorithm under all the five different LCOFs and the considered problem sizes.   

_________________________________________________________________________________________________ 

Keywords: criteria, algorithm, single machine, dimensionless, makespan, total completion time 

_________________________________________________________________________________ 
 

I(TRODUCTIO( 

On the realization of the fact that the total cost of a 

schedule is indeed not a function of one objective 

(criterion) but rather a function of two or more objectives 

(French, 1982), research efforts have been directed 

towards exploration of both bicriteria and multi-criteria 

scheduling problems (Nagar et al., 1995; Chakrabarti et 

al., 1996; Stein and Wein, 1997; Ehrgott and 

Grandibleux, 2000; Hoogeveen, 2005; Molnar, 2005; 

T_kindt and  Billaut, 2006; Petrovic et al., 2007). Many 

of these studies dealt with proving the NP-Hard nature of 

bicriteria and multi-criteria scheduling problems as well as 

some existence theorems (Chakrabarti et al., 1996; Stein 

and Wein, 1997; Aslam et al., 1999; Rasala et al., 1999). 

Only a few have proposed some solution methods using 

dynamic programming (DP), branch and bounds (BB), 

evolutionary algorithms (EA) and heuristic methods 

(Hoogeveen and Van de Velde, 1995; Oyetunji and 

Oluleye, 2008a; Oyetunji and Oluleye (2010a, 2010b)).  

Despite all these research efforts, today several 

bicriteria/multicriteria scheduling problems are still open or 

not well solved. Amongst others, the bicriteria scheduling 

problem of simultaneously minimizing the makespan and 

total completion time on a single machine with release 

dates is one of such problems. Hence, this problem is 

explored in this paper. The paper is organized as follows: 

Section 1 covers introduction, while literature review is 

covered in section 2. Problem definition and solution 

methods are covered in sections 3 and 4 respectively. 

Data analysis, discussion of results and conclusions are 

respectively covered in sections 5, 6 and 7. 

 

LITERATURE REVIEW 

 

Exploration of bicriteria and multicriteria scheduling 

problems has attracted the attention of many researchers 

(Stein and Wein, 1997; Aslam et al., 1999; Rasala et al., 

1999; Ehrgott and Grandibleux, 2000; Hoogeveen, 2005). 

Aggarwal and MeCarl (1974) developed and evaluated a 

cost-based composite scheduling rule. The rule takes care 

of four performance measures (objectives) namely: In-

process inventory, facility utilization, lateness and mean 

setup time. Van Wassenhove and Gelders (1980) explored 

the bicriteria scheduling problem of minimizing holding 

cost and maximum tardiness. They characterized the set 

of efficient points and gave a pseudo-polynomial 

algorithm to enumerate all the efficient points.  

 

Chen et al. (1993) studied the complexity of many bicriteria 

scheduling problems. The criteria considered are maximal 

tardiness, flowtime, number of tardy jobs, tardiness, and the 

weighted counterparts of the last three measures. 

Complexity results for secondary criterion, bicriteria and 

weighted criteria approaches for all combinations of 

measures were presented. They also showed that of all the 
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problems examined only six remain open. The bicriteria 

single-machine scheduling problem of minimizing total 

completion time and maximum cost (fmax) was studied by 

Hoogeveen and Velde (1995). The maximum cost is 

defined as max 1≤  j≤  n fj(Cj), where each fj denotes an 

arbitrary regular cost function for job Jj. They proved that 

the problem is simultaneously solvable in polynomial time 

and proposed two algorithms (called Algorithm I and 

Algorithm II).  

 

Hoogeveen (1996a) explored the scheduling problem of 

minimizing maximum promptness and maximum lateness 

on a single machine. He proposed O(n
2
log n) algorithms 

for the variant in which idle time is not allowed and for the 

special case in which the objective function is linear. Also, 

Hoogeveen (1996b) explored the single machine 

scheduling problem of minimizing a function of two or 

three maximum cost criteria on a single machine that is 

continuously available from time zero onward and that 

can handle no more than one job at a time. He presented a 

polynomial algorithm for the problem and showed that 

these can be used if precedence constraints exist between 

the jobs or if all penalty functions are non-increasing in 

the job completion times.  In 1997, Stein and Wein worked 

on the existence of schedules that are near-optimal for both 

makespan and total weighted completion time. They 

provided a proof to show that for any instance of a very 

general class of scheduling problems, there exists a 

schedule of makespan at most twice that of the optimal 

possible and of total weighted completion time at most 

twice that of the optimal. Three branch and bound 

approaches (forward, backward, and double-sided 

approaches) to solve bicriteria two-machine permutation 

flowshop problems with the aim of minimizing weighted 

combination of average flowtime and makespan were 

developed by Sivrikaya et al. (1998).  

 

In 1999, Sayin and Karabati studied the bicriteria 

scheduling problem of minimizing makespan and sum of 

completion times simultaneously in a 2-machine flowshop 

environment. It was shown that the problem is NP-Hard. A 

Branch and bound procedure to enumerate all of the 

efficient solutions was proposed. Improved bounds on the 

existence of schedules that simultaneously optimize 

makespan and average completion time criteria was given 

by Aslam et al. (1999). Their conceptual idea was based on 

the fact that an average completion time schedule can be 

viewed as a continuous probability density function. They 

showed that, for any scheduling problem, there exists a (2, 

1.582)-schedule, a (1.695, 2)-schedule and a (1.806, 1.806)-

schedule.  Rasala et al. (1999) studied existence theorems, 

lower bounds and algorithms for scheduling to meet two 

objectives. They studied the following combination of 

objectives: makespan and average weighted flow time, 

maximum flow time and average weighted completion 

time, makespan and average completion time, maximum 

flow time and average flow time. They showed that there 

exists a near-optimal schedule for both combinations of 

objectives (performance measures). An approximation 

algorithm (BEST-β) was proposed for the combination of 

makespan and total completion time. This was an 

adaptation of the Best-Alpha (BEST-α ) approximation 

algorithm of Chekuri et al. (1997). BEST-β is a 

(
1

,1
−

+
β

β

β
e

e
) – approximation algorithm for the 

1|ri|(Cmax, Ctot) problem. Hoogeveen (2005) explored a 

number of different combinations of the criteria. The 

criteria were aggregated together into a single scalar 

function called composite objective function. He 

considered two types of the composite objective 

functions (linear and general composite objective 

functions).  

 

Oyetunji and Oluleye (2008a) proposed three heuristics 

(HR4, HR5 and HR6) for the bi criteria problem of 

simultaneously minimizing the total completion time 

(Ctot) and number of tardy jobs (NT) on single machine 

with release dates. Also, the bi criteria problem of 

minimizing the total completion time (Ctot) and number 

of tardy jobs (NT) on single machine with release dates 

was modeled as hierarchical minimization problems by 

Oyetunji and Oluleye (2008b). Two types of hierarchical 

minimization models (the case of the total completion 

time criterion being more important than the number of 

tardy jobs criterion and the case of the number of tardy 

jobs criterion being more important than the total 

completion time criterion) were explored. Oyetunji and 

Oluleye (2009) proposed a methodology for evaluating 

the performances of solution methods to bicriteria 

scheduling problems. A normalization scheme (which 

converts the values of one criterion to the other) was also 

put forward. They also proposed a methodology for the 

determination of the maximum and minimum possible 

values of the two criteria. 

 

A new heuristic (HR7) was proposed by Oyetunji (2010a) 

for the bi criteria problem of simultaneously minimizing 

the total completion time and number of tardy jobs on 

single machine with release dates. His experimental 

results show that the HR7 outperformed an earlier 

heuristic (HR6) for the same bi criteria problem in terms 

of both effectiveness (for problems involving 3 to 500 

jobs) and efficiency (for problems involving less than 30 

jobs). Recently, the technique proposed earlier on for 

assessing the performance of solution methods to bi 

criteria problem by Oyetunji and Oluleye (2009) was 

extended to mixed multi-objectives scheduling problem 

by Oyetunji (2010b). The composite objective function 

was designed to handle situations in which some of the 
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criteria were to be minimized while at the same time 

some were to be maximized. Oyetunji and Oluleye 

(2010a) proposed two new heuristics (HR9 and HR10) 

for solving the bi criteria scheduling problem of 

simultaneously minimizing the total completion time and 

number of tardy jobs with release dates on a single 

machine. HR9 and HR10 were compared with the HR7 

heuristic proposed by Oyetunji (2010a). Based on their 

experimental results, the HR7 heuristic was 

recommended for the bi-criteria problem involving less 

than 30 jobs while the HR10 heuristic was recommended 

for the bi-criteria problems involving 30 or more jobs.  

Very recently, Oyetunji and Oluleye (2010b) proposed a 

generalized algorithm (called GAlg) for solving 

multicriteria scheduling problems. They claimed that the 

GAlg algorithm can be applied to wide classes of bi-

criteria/multicriteria scheduling problems and it was 

tested on a very familiar bi-criteria scheduling problem of 

simultaneously minimizing total completion time and 

number of tardy jobs on a single machine with release 

dates. Their experimental results show that the GAlg 

algorithm outperformed the selected solution methods 

(HR7 and HR10) when the total completion time criterion 

is much more important than the number of tardy jobs. 

To the best of our knowledge, perhaps only Rasala et al. 

(1999) has proposed and approximation algorithm for the 

bi-criteria scheduling problem of minimizing the 

makespan and total completion time on a single machine 

with release dates (i.e. the ),(||1 max toti CCr  

problem) .  

 

The Problem 

Given the following for a single machine problem: 

i. a set of  n jobs; J1 , J2 , … Jn  

ii. processing time (positive integer) of each job; Pi 

iii. release or ready time (positive integer) of each 

job; ri  

  

The time at which the processing of each jobs completes 

is Ci. The total completion time (Ctot) is defined as:  

∑
=

=+++=
n

i

intot CCCCC
1

21 ...  

While the makespan (Cmax) is defined as: 

)(max),...,,max(
1

21max i
ni

n CCCCC
≤≤

==   

The aim is to minimize both the makespan and total 

completion time criteria on a single machine  

with release time. We assume that pre-emption is not 

allowed and that the problem is static and 

deterministic i.e. number of jobs, their processing times, 

and ready times are all known and  

fixed. 

Using the notations of Graham et al. (1979), the problem 

is represented as  

),)(max(||1),(||1
1

1
max ∑

=
≤≤

n

i

ii
ni

itoti CCrorCCr  

Solution Methods 

Since the bi-criteria scheduling problem being explored is 

NP-Hard, approximation algorithm is desired in order to 

solve the problem within an acceptable (polynomial) 

time. Oyetunji and Oluleye (2010a) proposed a 

generalized algorithm called GAlg. The algorithm was 

applied to the bi-criteria scheduling problem of 

minimizing the total completion time and number of 

tardy jobs on a single machine with release dates. They 

concluded that the algorithm can be applied to wide 

ranges/classes of bi-criteria/multicriteria scheduling 

problems. Therefore, a new implementation of the GAlg 

algorithm has been adopted for the bicriteria problem 

being explored in this study. Also selected for evaluation 

is the algorithm (BESTB) proposed by Rasala et al. 

(1999) for the bicriteria scheduling problem of 

minimizing the makespan and total completion time on a 

single machine with release dates. The two algorithms are 

discussed below. 

 

 The (ew Implementation of GAlg Algorithm 

The GAlg algorithm of Oyetunji and Oluleye (2010a) 

required, as input, the schedules from the individual 

criterion that makes the bicriteria/multicriteria problem. 

A unique feature of the GAlg algorithm is its self 

adaptive nature. For example, the GAlg algorithm was 

applied to ),(||1
11

∑∑
==

n

i

i

n

i

ii UCr problem by 

constructing two schedules for ∑
=

n

i

ii Cr
1

||1  problem 

(which was solved using the AEO algorithm of Oyetunji 

and Oluleye (2007) ) and )(||1
1

∑
=

n

i

ii Ur  problem 

(which was solved using the EOO algorithm of Oyetunji 

and Oluleye (2008c) ). 

In the case of the bicriteria problem at hand (i.e. 

),)(max(||1
1

1
∑
=

≤≤

n

i

ii
ni

i CCr  problem), we construct two 

schedules by solving the )(max||1
1

i
ni

i Cr
≤≤

 problem 

(which can be solved using the NAL algorithm of 

Oyetunji and Oluleye (2010c) ) and the ∑
=

n

i

ii Cr
1

||1  

(which can be solved using the AEO algorithm of 

Oyetunji and Oluleye (2007) ). Once the input schedules 
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have been obtained as described above, the rest of the 

GAlg algorithm (Steps 2 – 6) should be carried out 

iteratively. Please, refer to Oyetunji and Oluleye (2010b) 

for details of the GAlg algorithm. This new 

implementation is appropriately named NGAlg 

algorithm. 

 

The BEST Beta (BESTB) Algorithm 

The Best Beta (BESTB) algorithm was proposed by 

Rasala et al. (1999) for the bicriteria scheduling problem 

of minimizing the makespan and total completion time on 

a single machine with release dates (i.e. 

),)(max(||1
1

1
∑
=

≤≤

n

i

ii
ni

i CCr  problem ). The BESTB 

algorithm is a refinement of the Best alpha (BESTA) 

algorithm which was proposed by Chekuri et al. (1997) 

for the single criterion problem of minimizing total 

completion time on a single machine with release dates 

(i.e. ∑
=

n

i

ii Cr
1

||1 problem). The BESTA algorithm first 

constructs a pre-emptive schedule using the shortest 

remaining processing time (SRPT) rule, then constructs n 

non-preemptive schedules by varying the value of alpha 

(α = [0,1]) proceeding to select the best out of the n non-

preemptive schedules. For each value of beta ( β ) within 

the range 10 ≤< β , the BESTB algorithm tries all 

values of alpha (α ) within the range βα ≤<0  and 

then choose the best. Rasala et al. (1999) proved that the 

BESTB algorithm is a (
1

,1
−

+
β

β

β
e

e
) – approximation 

algorithm for the ),)(max(||1
1

1
∑
=

≤≤

n

i

ii
ni

i CCr  problem. 

Therefore, the BESTB algorithm was selected for 

evaluation purposes. 

 

DATA A(ALYSIS 

 

The two algorithms (NGAlg and BESTB) were tested on 

a set of 900 randomly generated single machine 

problems. Eighteen (18) problem sizes (ranging from 10 

to 500 jobs) were utilized and 50 instances per problem 

size were solved. The processing times of the jobs were 

randomly generated (using random number generator in 

Microsoft visual basic 6.0) with values ranging between 1 

and 100 inclusive. Two classes of ready times were 

utilized (0-24 and 0-49). This means that the ready times 

of the jobs were randomly generated with values ranging 

between 0 and 24 (for early arrival) and 0 and 49 (for late 

arrival).  

Five different values of normalized linear composite 

objective function were utilized. These are: a case of the 

makespan criterion being extremely more important than 

the total completion time criterion (i.e. 

)(max*99.0*01.01
1

1

i
ni

n

i

i CCK
≤≤

=

+= ∑ ), a case of the 

makespan criterion being more important than the total 

completion time criterion (i.e. 

)(max*95.0*05.02
1

1

i
ni

n

i

i CCK
≤≤

=

+= ∑ ), a case of the 

makespan criterion being as important as the total 

completion time criterion (i.e. 

)(max*5.0*5.03
1

1

i
ni

n

i

i CCK
≤≤

=

+= ∑ ), a case of the total 

completion time criterion being more important than the 

makespan criterion (i.e. 

)(max*05.0*95.04
1

1

i
ni

n

i

i CCK
≤≤

=

+= ∑ ) and a case of the 

total completion time criterion being extremely more 

important than the makespan criterion (i.e. 

)(max*01.0*99.05
1

1

i
ni

n

i

i CCK
≤≤

=

+= ∑ ).  

The algorithms were coded in Microsoft visual basic 6.0 

and the different values of the normalized linear 

composite objective function computed for each 

algorithm and for each problem. The data was exported to 

Statistical Analysis System (SAS version 9.2) for detailed 

analysis.  The hardware used for the experiment is a 1.73 

GHz T2080 Intel CPU with 1024 MB of main memory. 

In order to display some useful statistics (mean, median, 

minimum and maximum) on the values of the normalized 

linear composite objective functions, the box plot 

analysis was carried out using the box plot procedure in 

SAS. Also, test of means (t-test) was carried out using the 

GLM procedure in SAS. This is to enable us to determine 

whether or not the differences observed in the mean 

values of the normalized linear composite objective 

function obtained by various solution methods are 

statistically significant. The results obtained are presented 

and discussed in the next section. 

 

RESULTS A(D DISCUSSIO(S 

 

The values of the composite objective functions (K1, K2, 

K3, K4 and K5) obtained using each solution methods for 

the 50 problem instances solved under each problem size 

are represented on the box plots. The box plot has been 

used to provide a better visualization of the distribution 

of the value of each composite objective function over 

the samples (50). The box plot consists of a box with 

thick horizontal line inside the box and thick vertical 
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lines outside the box at both the lower and upper ends of 

the box. The lower and upper endpoints of the vertical 

lines indicates the minimum (0
th

 percentile) and 

maximum (100
th

 percentiles) values (the spread) of the 

composite objective function while the lower and upper 

ends of the box indicates the first quartile (25
th

 

percentiles) and third quartile (75
th

 percentiles) 

respectively. The horizontal thick line inside the box 

indicates the median (50
th 

percentiles) while the symbol 

marker (+) indicate the mean of the distribution. 

When the makespan criterion is extremely more 

important than the total completion time criterion (i.e. 

composite objective function 1; K1), the NGAlg 

algorithm outperformed (with respect to effectiveness i.e. 

based on the values of K1) the BESTB algorithm for all 

the problem sizes considered (10 to 500 jobs) and release 

dates ranging from 0 to 24 (Figs. 1 & 2). Similar results 

(not shown) were obtained under composite objective 

functions K2, K3 & K4. However, when the total 

completion time criterion is extremely more important 

than the makespan criterion (i.e. composite objective 

function 5; K5), the BESTB algorithm outperformed 

(with respect to effectiveness i.e. based on the values of 

K5) the NGAlg algorithm for 10 ≤ n ≤ 50 problems (Fig. 

3). When the number of jobs exceeds 50 (n > 50), the 

NGAlg algorithm outperformed the BESTB algorithm 

(Fig. 4). 

In order to determine the superiority of the NGAlg 

algorithm over the BESTB algorithm, the test of means 

(t-test) was carried and the results obtained for the 

composite objective function 1 (K1) is shown in Table 1. 

The mean value of the composite objective function 1 

obtained by NGAlg is  significantly different (indicating 

better performance) from that of BESTB  algorithm at 

5% level under 10 ≤ n ≤ 500 problem loading and when 

release dates ranges between 0 and 24 (Table 1). Similar 

results (not shown) were obtained under composite 

objective functions K2, K3 & K4. However, under the 

composite objective function 5 (K5), the mean value of 

K5 obtained by NGAlg is not significantly different 

(indicating competitive performance) from that of 

BESTB  algorithm at the same level, problem loading, 

and release dates values (Table 2). 

In order to determine the efficiency of the algorithms, the 

execution time (secs) taken to obtain solution to each 

problem instance was measured and are shown in Figs. 5 

& 6. The mean value of execution time taken by the 

NGAlg algorithm was smaller than that of BESTB 

algorithm for all the problem sizes (10 to 500 jobs) 

considered (Figs 5 & 6). It is observed that the BESTB 

algorithm exhibited exponential time-complexity function 

when the number of jobs exceeds 150 (Fig. 6). To 

determine the superiority of the NGAlg algorithm over 

the BESTB algorithm with respect to efficiency, the test 

of means was also carried and the results obtained are 

shown in Tables 3 & 4. The mean value of execution time 

taken by NGAlg is not significantly different (indicating 

competitive performance with respect to speed) from that 

of BESTB algorithm at 5% level for 10 jobs problem 

(Table 3).  However, when the number of jobs exceeds 

10, the mean value of execution time taken by NGAlg is  

significantly different (indicating that NGAlg is faster) 

from that of BESTB  algorithm at 5% level under 15 ≤ n 

≤ 500 problem loading and when release dates ranges 

between 0 and 24 (Table 4).   
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Fig. 1 Box plot of composite objective function 1 for 10 ≤ n ≤ 50 

problem sizes and release dates ranging from 0 – 24  

Fig. 2 Box plot of composite objective function 1 for 100 ≤ n ≤ 500 
problem sizes and release dates ranging from 0 – 24  
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Table 1.  Test of means (probability values) of 

normalized composite objective function 1 for 10 ≤ n  ≤  

500  problems  

       

   Solution Methods 

Solution Methods  BESTB  

 (GAlg   

BESTB    -  
          <0.0001*    

(GAlg    <0.0001* 

  -    

�ote * indicate significant result at 5% level;Sample size 

= 50 

- indicate not necessary 

 

 

Table 2 Test of means (probability values) of normalized 

composite objective function 5 for  10 ≤ n  ≤  500  

problems  

       

   Solution Methods 

Solution Methods  BESTB  

 (GAlg   

BESTB    -  
        >0.1x    

(GAlg    >0.1x  

                -    

 

Note x  indicate non significant result at 5% 

level; Sample size = 50 

 - indicate not necessary 
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Fig. 3 Box plot of composite objective function 5 for 10 ≤ n ≤ 

50 problem sizes and release dates ranging from 0 – 24  

Fig. 4 Box plot of composite objective function 5 for 100 ≤ n ≤ 500 

problem sizes and release dates ranging from 0 – 24  

Fig. 5 Box plot of execution time (secs) for 10 ≤ n ≤ 50 problem sizes and 

release dates ranging from 0 – 24  
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Table 3 Test of means (probability values) of execution 

time for  10  job  problems  

      

 Solution Methods 

Solution Methods  BESTB  

 (GAlg   

BESTB   -   
 >0.5x  

(GAlg   >0.5x   

 - 

�ote  x indicate non significant result at 5% 

level; Sample size = 50 

  - indicate not necessary  

 

Table 4 Test of means (probability values) of execution 

time for  15 ≤ n  ≤  500  problems  

      

 Solution Methods 

Solution Methods  BESTB  

 (GAlg 

BESTB   -   
 <0.0001*  

(GAlg   <0.0001*  

 - 

 

Note *  indicate significant result at 5% level;

 Sample size = 50 

 - indicate not necessary 

 

CO(CLUSIO( 

 

This paper explored the bicriteria problem of minimizing 

the makespan and total completion time on a single 

machine with release dates. Earlier on Oyetunji and 

Oluleye (2010b) proposed an algorithm (called GAlg) 

which they said could be used to solve wide classes of 

bi/multicriteria scheduling problems. The GAlg algorithm 

was applied to the bicriteria problem of minimizing the 

total completion time and number of tardy jobs on a 

single machine with release dates. The performance of 

the GAlg algorithm over the HR7 and HR10 was 

impressive. In view of this impressive performance, a 

modified version of the GAlg algorithm has been 

implemented for the bicriteria problem of minimizing the 

makespan and total completion time on a single machine 

with release dates. The new implementation is called 

NGAlg algorithm and compared with the Best Beta 

(BESTB) algorithm of Rasala et al. (1999).  

Again, five different composite objective functions 

(K1=a case of the makespan criterion being extremely 

more important than the total completion time criterion, 

K2=a case of the makespan criterion being more 

important than the total completion time criterion, K3=a 

case of the makespan criterion being as important as the 

total completion time criterion, K4=a case of the total 

completion time criterion being more important than the 

makespan criterion and K5=a case of the total completion 

time criterion being extremely more important than the 

makespan criterion) were utilized. Experimental results 

showed that, based on effectiveness and efficiency, the 

NGAlg algorithm outperformed the BESTB algorithm 

under the five different composite objective functions. 

Therefore, the NGAlg algorithm is recommended for the 

bicriteria scheduling problem of minimizing the 

makespan and total completion time criterion on a single 

machine with release dates. 
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Fig. 6 Box plot of execution time (secs) for 100 ≤ n ≤ 500 

problem sizes and release dates ranging from 0 – 24  
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