Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 3 (2): 211-216
© Scholarlink Research Institute Journals, 2012 (ISSN: 2141-7016)

jeteas.scholarlinkresearch.org

On the Derivation, Convergence, Consistence and Stability of a
New Numerical Integrator

'M.R. Odekunle and %J. Sunday

'Department of Mathematics and Computer Science,
Modibbo Adama University of Technology, Yola- Nigeria
2Department of Mathematical Sciences,
Adamawa State University, Mubi- Nigeria

Corresponding Author: J. Sunday

Abstract

For any numerical integrator to be efficient, ingenious and computationally reliable, it is expected that it be
convergent, consistent and stable. In this paper, we develop a new numerical integrator which is particularly
well suited for solving initial value problems in ordinary differential equations. The algorithm developed is

based on a local representation of the theoretical solution

to the initial value problem by a nonlinear

interpolating function (comprising of the combination of polynomial, exponential and cyclometric functions).
We further test whether or not the integrator satisfies the conditions for convergence, consistence and stability.
From the analysis presented, it is obvious that the new numerical integrator can provide accurate solution to

the original differential equation.
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INTRODUCTION

It is a known and documented fact that a given linear
or non-linear equation does not have a complete
solution that can be expressed in terms of a finite
number of elementary functions (Ross, 1964; Humi
and Miller, 1988). It is also a known fact that one of
the ways to solve such problem is to seek an
approximate solution by means of various
perturbation methods. It must be stated here that the
above procedure will only hold for limited ranges of
the system parameters and/or the independent
variables (Mickens, 1994). As reported in Mickens
(1994), for arbitrary values of the system parameters
at the present time, only numerical integration
technique can provide accurate solutions to the
original differential equations.

In this paper, we develop a new numerical integrator
capable of solving equations of the form,

y'=1(x¥),¥(%) =Yy, x>0, xe[a,b] @
and its equivalent system. We further test for its
convergence, consistence and stability. Many
numerical integration schemes to generate the
numerical solutions to problems of the form (1) have
been proposed and developed by several authors.
Most of these integrators were developed by
representing the theoretical solution Y(X) to
equation (1) by an interpolating function (linear or
nonlinear) f (X) . This type of construction was first

reported in Fatunla (1976). He proposed a numerical
integrator which is particularly well suited to solve
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problems of the form (1) having oscillatory or
exponential solutions. This method was based on the
local representation of the theoretical solution
y(X)to the IVP (1) in the interval [Xn,XM] by a
nonlinear  polynomial interpolating
F(x) = a, +a,x+breale®”**),

a,,a,andb are real undetermined coefficients,

while pand pare complex parameters.  Other
schemes include those developed by Ademiluyi
(1987), Ibijola (1997), Kama and Ibijola (2000),
Wazwaz (2000), Ibijola and Ogunrinde (2010),
Ibijola and Sunday (2010), and Ibijola, Bamisile and
Sunday (2011) to mention a few.

function
where

Studies have shown that the Interpolants used by the
authors above basically consist of the combination of
a polynomial and exponential function. Having seen
the performance of these schemes, we are motivated
and challenged to investigate what happens if a
nonlinear Interpolant that consists of the combination
of polynomial, exponential and cyclometric
(trigonometric) functions is used to derive a new
numerical integrator. We shall state without proof,
the theorem that guarantees the existence and
uniqueness of solution of the IVP (1).

Theorem 1 (Lambert, 1973; Fatunla, 1988)

Let f(X,y) be defined and continuous for all points
(X,y) in the region D  defined by
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{(X,y):aSXSb,—oo<y<oo} where

a and b finite, and let there exist a constant L

such that for every X,Yy,y'such that
(x,y) and (x,y")arebothinD;
[F6 )= Fy ) <Ly-yH @)

Then if n is any given number, there exist a unique
solution y(X) of the initial value problem (1), where
y(x)is differentiable
all(x,y)inD. The inequality (2) is known as a

Lipschitz condition and the constant L as a Lipschitz
constant.

continuous  and for

Definition 1 (Lambert 1991)

A Numerical Scheme or Numerical Method or
Numerical Integrator (sometimes shortened to
‘scheme’ or ‘method’ or ‘integrator’) is a difference
equation involving a number of consecutive
approximations Y, ;, j=022,....,k from which
it will be possible to compute sequentially the
sequence {yn|n =012,... ,N}. The integer Kis

called the step number of the scheme. If, k =1, the
method is called one-step, while if k>1, the
method is called a multi-step or k — step .

Definition 2 (Henrici 1962)
Any method for solving differential equations in

which the approximation Y, to the solution at the

point X, can be calculated if only X,,Y,, and h

are known, is called a ONE-STEP METHOD. It is a
common fact to write the functional dependence

Y,..1 On the quantities X, y,, and hin the form;
yn+1 = yn +h¢(xn'yn;h) (3)

where ¢(X,,, Y, ;h) is called the increment function.

Definition 3 (Jain et al, 2007)

A method is convergent if, as more grid points are
taken or step-size is decreased, the numerical solution
converges to the exact solution, in the absence of
round-off errors. Alternatively, a numerical scheme is
said to be convergent if for all initial value problem
(1) satisfying the hypothesis of Lipschitz condition,
Max]|y(x,)—y,|—>0ash—0

0<n<N

One of the conditions a numerical method must
satisfy if it is to be convergent is that, it has to be a
sufficiently accurate representation of the differential
system (Lambert, 1991).

212

Definition 4 (Consistence)
A numerical scheme with an increment function

#(X,,Y,;h) is said to be consistent with the initial
value problem (1), if @(X,,Y,;0)= f(X,,Y,)
The concept of consistency of one-step method is

very crucial in the sense that it controls the
magnitude of the local truncation error.

Definition 5 (Jain et al, 2007)

A method is stable, if the cumulative effect of all
errors, including round-off errors is bounded,
independent of the mesh points, i.e. if for any initial

error E,, there exist constant K and h, > 0 such
that, when the method is applied to the initial value
problem (1) with mesh sizeh € (0, h0]> 0, the
ultimate error E _ satisfies the following inequality;

E, <KE,, K < @)

Derivation of the New Numerical Integrator

Let us assume that the theoretical solution y(X) to
the initial value problem (1) can be locally
represented in the interval,[xn,xn+1],n >0 by the
non-linear interpolating function,

F(x) =a, +ax+a,x* +ae” +bsinx (5

where a,,a,,a,,8,,b,and a are undetermined
coefficients. Let y ., be the numerical estimate to

the theoretical solution Yy(X,,)at the point
and that f = f(X,,y,). Letalso,
Xy =% +(N+1)h,n=0,1,2,...

At the points X =X, and x =X,

X=X

n+1
(6)

. We require that,

F(x,)=a, +aX, +a,x’ +ae”™ +bsinx (7)
and

F(X,) =8 +aX,,, +a,X, +ae™™ +bsinx ., (8)

If F(x,)and F(x,,,) coincide with y_andy, .,

respectively and that F () denotes the ith total

derivative of f(X,Yy) with respect to X, and also

adopt the Maclaurin series expansion for the
exponential function, we have,

0 r r

2y2
eaxn :Za Xn no Xn +(9)
~ 2! 3!

We now substitute the first few terms of equation (9)
into (7), this gives,

a33

=l+ax, +

F(X) =Y, =a+ax, +aX +a(l+ax, +§+§)+bs’im&(m>

Differentiating equation (10) with respect to X at X
gives,
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y'=F'()=a+2aX +a(a+a’, +Oif)+bm% =f, 1)
V' =FO(5) =28 +a (e’ +ox)-bsinx, =, (12)

y"=F®(x,)=a,a®-bcosx, = f’ (13)
y' =F®(x,)=bsinx, = f? (14)
From equation (14),

3
- (19

sinx,

Substitute equation (15) in (13), we have,

1
a, = (?J(ff + f2cot(x,)) (16)

Putting equations (15) and (16) into equation (12), we
have,

a, :(lj{fn?(fnz + f2 cot(xn))(iJr xn]+ ff} an
2 a

Substituting equations (15), (16) and (17) into
equation (11), we have,

a, = f, 7[fn?(fnz + f2 cot(xn))(iJr xnj+ ff}xn (18)
[04

XZ
2o - f2cot(x
2] n (n)

~(f2+ f? cot(xn))[iz+ﬁ+
[04 [04

Using the assumption that
F(x,) =Y, and F(x,,,)=Y,,,, we subtract
equation (7) from (8), this gives us,

Yo Y= 060 %) HR0E, P)+a e —€)+hlsin,, ~sinx ) (19)
Using the fact that,

Xn+1 - )gw =h

Xog =% =2X h+h? (20)

sin(X,.,,) =sin(x, +h) =sinx, cos(h) +cosx, sin(h)
So that equation (19) becomes,

Yo — Yo = &0 +8,(2x,h + h?) + a,e” (e“" —1) + b[(sin x, cos(h) + cos X, sin(h)) —sin xn](21)

Substituting the values of a,,a,,a,,and b in
equation (21), we have,
{f —(f2+1; oot()y))( +>g]+f }g

Yoa =Yt h

(24 £, oot(m)[ +X"+ﬁ] f2o0t(x,)

(22)
( ]{f —(F2+ 1 oot(m)( m]m }(Mhmz

) .3 o 3\ (sinx, cos(h)
J{E](f” * fr oot @ 71)+[sin>g\]Lms>g\sin(h))—sinx,}
Note that,

(23)

[%)[ (sinx, cos(h)+00sx, sin(h)) —sinx, | = [ cos(h) +cot (x,)sin(h) 1]
We shall now substitute the first few terms of the

series expansion for cos(h),sin(h), and e*"
in equation (24) into (22),

B e[ ()P
cos(h)_rZ::O( 1) ((Zr)!]
. B o B . (h)2r+1
sm(h)_go( 1) [—(2r+1)!]
eah=z (th)']

( (r)!

r=0
Finally, we have our new numerical integrator as,

[f —(f2+f ca(&))( +)g]+f }g

(24)

{f24 £ 0[1()9))(—+x”+5] f3cot(x) (25)

" [f (2 oot(m)[ +>$]+f}(>$+)

o 1 K
+(F2+ 200t (x,)e [otz ) 3']

o553
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Convergence of the New Numerical Integrator
The following theorem, whose proof may be found in
Henrici (1962) page 71, states necessary and
sufficient conditions for the method (3) to be
convergent.

Theorem 2 (Lambert 1973, Fatunla 1988)
(i) Let the increment function @(X,Y,;h) be
continuous jointly as a function of its

three arguments, in the region D
defined by
Xe[a,b],

y € (—0,0),h €[0,hy ], whereh,>

0 and let there exists a constant M

(i) Let ¢@(x,y,;h) satisfy a Lipschitz
condition of the form,
606, Yo ) =4(x,, Yo )| <M |y; -y, | 26)

for all points (X,,Y,;h)and (Xn,yn,h) in the

region D . Then the method (3) is convergent if and
only if it is consistent. This is in turn the necessary
and sufficient condition for the convergence of the
method (25).

We shall now check whether or not our new
numerical integrator satisfies the condition for
convergence in equation (26).

Proof
If we expand equation (25), we have the following set
of equations,
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fox A0 pep RO oy 905,310 ={ 05, Y4B (6,7,)+(C+D) (1) +(E+F) F(x,.y,)} (36)
(24 (24 ) — * ' * 2 3 * 37
R xR 2P P x i) A%, ) = £ 06, VB (5, V) HC+ DG, V) +E+P %, 1) (37)
xf Z o 2 P o @) Thus, we have
3 ' 2 pf2 05,501 0%, 05,30 (5,
yffnozot(m7fn3mt(yh)+yhfn,+hf7 xf % er P (wn)z(wn)}za[ 3D (w3>] 3 | (38)
S a H(CHD[ 06,3015 30 HEHF] P, 30)-F5,3) |
Yoa=Yo+h )*2" ma(&) "Za()*)%fffﬂ(&) Let C+D=G and E+F =H, then equation
XHt(x) X T i enHi? enree (38) reduces to,
T2 2 2 & 2 6 Sy ) [FOD- T B =T o)) [(39)
L) M X)) AR )0, FHL D]
o W K Bt K h oK Let 9 be defined as point in the interior of the
2 ) O s

interval whose end points are yand y*, if we apply

Collecting like terms and simplifying, we have the Mean Value Theorem, we have

Yoa =Yy +h{ f,+ B +OF2 + DE2 + Y+ FFY) (28)

o _ A Y) e
where, 00y = F06y0) = S22y = y,)
h | | A
B=- (29)  F ) -y = TNy | (a0)
2 Y,
-1 x, x; h xh of2(x.,y)
C=—-_2n_"n T _“n (30) 2 “y_ f2 _ O (X Y) oy
aZ a 2 2a 2 f (anyn) f (anyn) ayn (yn yn)
eaxn eaxnh eax"hz af3 —
D — + + (31) 3 *y _ £3 — (an y) *
aZ 2a 6 f (anyn) f (anyn) ayn (yn yn)
E__ in N %_ 7% (32)  Ifwe define,
of (X1, ¥n)
PR O0L0) cot6) oy %,COHOG)_haot(x,) L= sup ——
2 2 a 2% (X, ¥n)eD Yo
hoot(x) € cat(x) e™hoot(x) (33) of (X, ¥a
—)éCOt()%) % (X1)+e (x1)+e ()ﬁq) L1 — Sup ( y )
2 2 2a (Xn,Yn)eD ayn (41)
%, |2 2 4 6
+M+Cm()§1) 1_h7+h7_ h af 2()(n , yn)
6 6 120 5040 L,= sup ———=
Equation (28) is therefore written as, (. ¥n)eD %Yy
L,= su —8f3(xn,yn)
yn+1:yn+h{ fn+Bfr;+(C+D)fn2+(E+F)fn3} (34) S (anynE)ED ayn
which is the form (3). The increment function is
given by,
@(x,Y,;n)=f +Bf +(C+D)f>+(E+F)f® (35
From equation (35),
If we put these relations in equation (39), we obtain
af(axi”’y)(y; - V¥, +B M(y;— Yo) +G M(y: - Y.)
. Y oY, oY,
¢ (X, Yaih) =@ (X, y,30) = (%)
ooy oy,
Yn (42)
of (X, ¥,) o oF (X, Y,) , .
( SU?D%(yn_yn)J’_B( SU?D%(yn_yn) (43)
N X, Yp)€E n Xn,Yp )€ n
¢(Xn’yn;h)_¢(xn'yn;h): afZ(X y) af3(x y)
+G sup —— =5 (Y, -y, )+ H sup ———=2(y, - y,)
(% ,¥n)eD oy, (% ,¥s)eD oy,
Therefore, we have,
$ (X0, ¥rih) =@ (X,, Yo h) = {L(Y7 = y2) + BLi(y; = ¥.) + GL, (yr = vo) + HLy (¥, - ¥,)} (44)
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#0405, Vi) =| LHBL +QL,+HL (VY (45)

Taking the absolute value of both sides of (45), we
have

606, YD —06, Yol <|(LHBL 4G +H) |05 -y (46)
Let,

M =|(L+BL+GL, +HL)| @7
then we have,
60, Vaih) = 0% Vs <M |ys -y, @8)

Therefore, we say that our new numerlcal integrator
(25) is convergent and hence ¢ is Lipchitzian.

Consistency of the New Numerical Integrator
According to Fatunla (1988), a numerical scheme

with an increment function ¢(X,,Y,;h) is said to be

consistent with respect to an initial value problem (1)
if and only if,

¢(X,, ¥ 0) = (X, ¥,)

From equation (25),

{ —(f2+£2 cn()g]))( +)g1j+f })g1

%ff+f§a1(m))@%+§j—fﬁm<m)

{f;—(ff+f:cn(x1))(01‘+x1j+f:}(x1+~2>

HF2+f2 (11()%))9%(01; 4*(2;12 ) zj
3{ h fP K
+f;

13 h4 13
W (X’)( 35 7!}}

fn{f.;—<f5+f:oa<m>(1+yhj+f:}h
o

%fﬁ+f:a1(x1»@%#jj—ffoa(m

(49)

(50)
9% Y=

(51)

#0490 = *{fn'—(ff+fn30t1(>g))@+>gj+ff}(>a) =f(X,y,)

+(ff+f:ax(m)@j+f:<u(m

Therefore, the new numerical integ;ator (25) is
consistent since it satisfies equation (49).

Stability of the New Numerical Integrator
Theorem 3 (Lambert 1973, Fatunla 1988)

Let y, =y(x,)and |, =1(x,) denote two different

numerical solutions of differential equation (1) with
the initial conditions specified as

y(X,) =nand l(X,) =n *respectively, such that

|77—77*|<5, £>0. If the two numerical estimates

are generated by the interpolation scheme (3), we

have
Yo = Yo +NO(X;, ¥oi h) (52)
.., =1, +ho(x,,1 ;h) (53)
The condition that
|yn+1_|n+1|S K|77_77*| (54)

is the necessary and sufficient conditions that our
numerical scheme (25) be stable and convergent.

Proof
Let,

Your = Yo +h{ F06,¥,)+BF (X, Y,)+GF 2(x,,y,) +HE*(x,,y,)} (55)
b =1 +h{ £, 1)+ BF (L) +GF2(x,,1,) +HE*(x,.1,)} (56)
Then,

(AR (CAN S RS EN]

[
ymi_|n+1 =Y _|n
“Jbe[fmyn>—f2(m,Io]++{f3(x,yo—f3(x,ln>]

Applying the Mean Value Theorem as before, with

(57)

the assumption that Y is a point in the interior of the
interval whose end points are y and | , we have
&04.Y) & (,Y)

¥, W,

aZ ’7 a3 ’7
ﬁﬂ (yn _In)+HM (yn _In)

IO & (wn)(y 1
Yo ~ha=Yy—h+h . an 5nf3

16 ap TRy 1) gp TNy )
[CHRE. A o> O,

Yha—ha =W D LOR =) HBLC, R0 )+HL () (60)

=y, -1, +h{L+BL +GL, + HL,} (y,-1,) (61)

v, -1)+B

Oh—=1)
Yoa _In+1 =Y _In +h (58)

ap TBy ). B sp (59)

Yo~ In+1

Taking the absolute value of both sides of (61) gives,
[ 04 )+ LHBLAGL +HY0, ) LG, HH)y, | (62)

Given >0,

K=1+h(L+BL +Q, +HL), Y =nandl () =17

then

|yn+l_|n+l|S K‘U—U*‘ (63)
We therefore conclude that our new numerical
integrator (25) is stable and hence convergent.

CONCLUSION

Since the new numerical integrator (25) satisfies the
conditions for convergence, consistence and stability,
it is obvious that the result of this numerical
integrator will approximate the solutions of the
problems it is designed for.
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