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Abstract

There are several approaches to geoid modelling such as the use of stokes’s formula, astro-geodetic, astro-
gravimetric, GPS/Levelling and ‘Satlevel’ collocation models. ‘Satlevel’ is a new method of geoid
determination, in which the ellipsoidal height is used along with Orthometric Height to model the geoid. Geoid
modelling is a process of developing mathematical algorithms to represent the geoid. New Rectangular
‘Satlevel’ adopts space rectangular coordinates in ‘satlevel’ method. This reduces the time, cost and energy in
geoid determination — a key problems in geodesy. Geoid can be determined within a survey area when available
ellipsoidal height can be compared with Orthometric Height. In this work, ellipsoidal and Orthometric Heights
along with other data were extracted from comprehensive mapping of Lagos GIS enterprise. Polynomial model
using least squares method was developed from the combination of Orthometric and ellipsoidal heights along
with space rectangular coordinates to derive the Geoidal Coefficients. The Geoidal Coefficients were used to
get the geoidal undulation of the study area. Statistical tests and goodness of fit analysis were carried out. The
model was also validated using some of the acquired data that were not used for the development of the model.
Furthermore, statistical analyses show that there is no significant difference between the values obtained with
the derived model and observed values. The Rectangular “Satlevel model provides a quick determination of
geoid in Lagos State and can be adopted for other part of the country and elsewhere.
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INTRODUCTION measurements and precise equipment to attain high
The geoid is that equipotential surface which would accuracy. The height difference from geodetic
coincide exactly with the mean ocean surface of the levelling can be converted to Orthometric Height
earth, if the oceans were in equilibrium and extended with application of orthometric correction such as
through the continents. The geoid surface is irregular, obtainable with “Satlevel’ method. The reference
but considerably smoother than earth's physical datum for such Orthometric Height is the geoid,
surface. Sea level, if undisturbed by tides, currents which is one of the three geodetic surfaces. Others
and weather, would assume a surface equal to the geodetic surfaces are the ellipsoid and the
geoid. The determination of the geoid has been one of  topographical surfaces.

major challenges of geodesists. The geoid can be

determined using different method such as GEOID

gravimetric, astro-geodetic, GPS/Levelling and Geoid comes from the word “geo” literarily means
‘Satlevel’. “Satlevel’ is a new method of geoid earth-shaped. The geoid is an empirical
determination, in which the ellipsoidal height is used approximation of the figure of the earth (minus
with orthometric height to model the geoid. Geoid topographic relief). It is defined as the equipotential
modelling is a process of developing mathematical surface of the earth’s gravity field which best fits, in
algorithms to represent the configuration of the geoid the least squares sense, the mean sea level (Deakin,
as a surface. It is important because it is the reference 1996). The geoid can also be defined as the surface
surface for the Orthometric Height. There are various which coincides with that surface to which the
methods of obtaining height measurements. Some of  oceans would conform over the entire earth, if free
the methods include: geodetic levelling, differential to adjust to the combined effect of the earth's
levelling or Leap Frog EDM height traversing mass attraction (gravitation) and the centrifugal
(Rueger, 1998). The most precise and accurate force of the earth’s rotation. Specifically, it is an
levelling operation is geodetic levelling. Geodetic equipotential surface (meaning that it is a surface on
levelling is an operation carried out with careful which the gravitational potential energy has the same
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value everywhere) with respect to gravity, more or
less corresponding to the Mean Sea Level (MSL)
over the oceans. It has a definite physical
interpretation, in the sense that it can be fixed by
measurements over the ocean with the use of Mean
Sea Level (Bomford, 1980; Deakin, 1996; Jokeli,
2006; Olaleye et’al, 2010; Aleem, 2013; Olaleye
et’al, 2013).

MEAN SEA LEVEL (MSL)

The surface to which heights of points are referred is
called a vertical datum. Traditionally, surveyors and
mapmakers have tried to simplify the task by using
the average (or mean) of sea level as the definition of
zero elevation. The MSL is determined by
continuously measuring the rise and fall of the ocean
at "tide gauge stations" on seacoasts for a period of
18.61years (approximately 19 years — to cover full
cycle of the moon’s node). MSL averages out the
highs and lows of the tides caused by the changing
effects of the gravitational forces of sun and moon
which produce the tides.

The surveyor in the field carries out levelling
operation with the aid of spirit level, which aligns the
plumbline perpendicular to the geoid. Therefore, it is
a very good approximation to say that the spirit level
is always parallel to the geoid. MSL can be used to
approximate the geoid which can be fitted to a more
regular surface called the ellipsoid. This is the
reference surface for most geodetic work. One of the
reference ellipsoids is the World Geodetic System
(WGS 1984) which serves as reference for most
Global Navigation Satellites System (GNSS) like the
Global Positioning System (GPS), Global Navigation
Satellite System (GLONASS), Compass Navigation
Satellites System (CNSS), Quasi Zenith Satellite
System (QZSS) and Galileo.

Surveys with satellites system result in Three
Dimensional (3D) coordinates with reference to a
range of reference ellipsoids. The 3D coordinates are:
the geodetic latitude (@), geodetic longitude (A) and
ellipsoidal height (h). For accurate and regional
usage, modern GNSS receivers (i.e. using
GPS/GLONASS) must therefore transform their
resultant coordinates into a consistent datum
(Roberts, 2011) even with the heights. Ellipsoidal
height, h is not always used because; it does not
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provide elevation above the MSL which refers to the
earth gravity equipotential surface i.e. the geoid, the
referenced surface for Orthometric Heights.

There are many reasons why Orthometric Height may
be preferred to the ellipsoidal heights. One of the
major arguments for this is the relationship of
Orthometric Height with the ocean (water body).
However, the direction of flow of fluid is not
controlled by height; it is actually the force of gravity
that governs fluid flow. Therefore, selection of a
height system that neglects gravity, or does not use it
rigorously, allows the possibility of fluids appearing
to flow “up hills’. Clearly, such a system is counter-
intuitive, thus reminding us that only heights properly
related to the earth’s gravity field are natural and
physically meaningful for most (but not all)
applications (Isioye and Musa, 2007). Therefore
Orthometric Height, which may be obtained by spirit
levelling, is always preferred.

Spirit levelling is the dominant technique for
providing elevation above MSL (Orthometric Height)
(Bomford, 1980; Fajemirokun, 1980; Featherstone,
1996; Fotopoulos, 2003 Uzodinma, 2005 and Olaleye
et’al, 2011). The equipment for spirit levelling is
inexpensive and the method is highly accurate.
However, it is labour intensive over long distances
and the field procedures are tedious and prone to
human and other errors. In some areas such as Niger
Delta region of Nigeria, it is often impossible to
perform spirit levelling due to variability in the
weather condition and swampy terrain. For a large
survey area, ellipsoidal height observation with
Differential GPS is cheaper easier and faster than
Orthometric Height with spirit levelling.

THE STUDY AREA

The study area, Lagos lies approximately between
longitudes 2°42' and 3°42' East of the Greenwich
Meridian and latitudes 6°22' and 6°52’North of the
Equator. Ogun State of Nigeria formed the boundary
of Lagos state in the Northern and Eastern part, while
the 180km long Atlantic coastline forms the southern
boundary and the Republic of Benin borders it on the
western side. The model was tested using the data
obtained from this study area.
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Figure 2: The Administrative Map of Lagos State

METHODOLOGY

The purpose for this research is to develop an
empirical geoid model for predicting the undulation
values in the study area. Geoidal undulation will
make it easier to transform ellipsoidal heights (which
is easy to obtain) to orthometric heights (heights
difficult to obtain but preffered by the users) and vice
versa. Using today's available technology and
techniques, ellipsoidal heights can be obtained from
different systems, such as: Very Long Baseline
Interferometry (VLBI), Satellite Laser Ranging
(SLR), and other navigation based systems such as:
Doppler  Orbitography by  Radio-positioning
Integrated on Satellite (DORIS) and Global
Navigation Satellites System (GNSS) while Satellite
altimetry measurements are used to obtain ellipsoidal
heights over the oceans.

‘SATLEVEL’ METHOD
DETERMINATION

Satlevel method of geoid determination involves the
use of both ellipsoidal and Orthometric Heights to
develop a mathematical algorithm to determine the
geoid. The methodology involves acquisition of data
relating to ellipsoidal and Orthometric Heights,
formulating the problems to develop the model and
analysis of results.

OF GEOID

With Global Navigation Satellite System (GNSS)
ellipsoidal height can be obtained, while the
Orthometric Heights can be determined by geodetic
levelling with application of Orthometric correction
where applicable. As earlier observed, Lagos State
has boundary with the Atlantic Ocean, and hence the
Orthometric correction is negligible. The difference
between ellipsoidal and Orthometric Heights is called
Geoidal Undulation or geoid separation (N) (See
Equation 1). However, the Lagos State data used for
this research is available on
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http://gisapps.lagosstate.gov. Sample of the data are
tabulated in Table 1:

The relationship of ellipsoidal and Orthometric
Height is given by equation 1 as:
N=h-H : (1)

Where:

N = geoid-ellipsoid separation (geoid height)
h = Ellipsoidal height

H = Orthometric Height

The ellipsoidal height can be represented as:

X
__cos¢cosl__v 2a)
Y
_cm¢ﬂnl_v 2b)
2 [y(1_e?
~sing [V@ e)} 9
Where:

v = is the radius of curvature in the Prime Vertical

direction at the point of projection of P on
the ellipsoid. It is given as:

.
J1-¢e’sin’ ¢

a = Semi-major axis of the ellipsoid
2
e

v

2f — f?square of eccentricity of the

reference ellipsoid that is used for the

definition of the geodetic coordinates (¢, A, h)
a_

f =

a
b = Ellipsoidal polar radius.

= flattening
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Apart from ellipsoidal height, the other information
required to implement equation 1 is the Orthometric
Height, which has relationship with Mean Sea Level
as earlier discussed. This can be practically obtained
using geodetic levelling.

Ellipsoidal height and Orthometric Height of many
control point were obtained from Lagos State. Since
sufficient data were available to implement Equation
1, it is possible to derive a mathematical model such
that, with GNSS observation, the geoidal undulation
can be computed using any regression method,
provided it satisfies certain statistical criteria
regarding the data and determining the best fit to the
observations (Younger; 1985). In this case, the least
squares approach was used to find the best curve,
that is, the one which is on average closest to all
points, since blunders in the observations were
removed (Aleem, et al, 2011).

As a way of checking for arithmetic errors or
blunders, the values of the coefficients were
substituted into the original model and both equations
must check. Problems were experienced with regard
to the number of decimal places carried causing
rounding errors. The data used to derive the model
were from various sources because of the large
volume of data. There is inconsistence in data
collection procedures. Some of the geodetic levelling
data were recorded using 3 places of decimal while
others were recorded in 5 places of decimal. These
form parts of limitation of this research. The new
model developed in this research combined the
accuracy of Orthometric Height and ease of
ellipsoidal height in geoid determination to develop
the Rectangular ‘Satlevel” model.

Table 1: Local Geoidal Undulation in Lagos State (Lagos State SG Office, 2010)

STATIONS Latitude Longitude Ellipsoidal Orthometric Height Geoidal Undulations

Height (H)

(h) [m] [m] (N)[m]

| [

XST 237 6.454802139 | 3.470396222 25.8360 3.2720 22.5640
YTT78A 6.470008869 | 3.646457902 27.3350 4.8610 22.4740
FGPLA-Y- 6.427041234 | 2.890722633 27.0450 4.2620 22.7830
g?j’AZl 6.440896094 | 2.919119213 30.9400 8.1120 22.8280
XST 55 6.37965975 | 2.706952389 30.0470 7.3470 22.7000
YTT1703A 6.419998574 | 2.712921902 25.0470 2.1350 229120
LWBC5-61P 6.504592611 | 2.926533297 26.0300 2.8440 23.1860
YTT19-54 6.510901227 | 2.954208526 37.7640 14.5740 23.1900
YTT2-66A 6.441722983 | 3.84345449 26.8840 4.6140 22.2700
MCS1174S-A | 6.665027289 | 3.323236155 73.1510 49.5700 23.5810
YTT2-48A 6.429279172 | 3.718083886 26.6820 4.4510 22.2310
FGPLA-Y- 6.441898015 | 2.948674497 30.5720 7.7810 22.7910
(13/?281178T-A 6.474988831 | 3.56779892 25.5580 3.0310 225270
ZTT34-34 6.644054924 | 4.036229785 30.9890 7.8590 23.1300
MCS1188T-A | 6.493459685 | 3.582388693 25.3970 2.7750 22.6220

Data Processing

The ellipsoidal and Orthometric Heights were
substituted into Equation 1 to obtain the values of the
Geoidal Undulation as shown in Tables 1 above:

Quality Validation

Verification of data quality is an important part of
any geodetic and other scientific researches, as it
helps to be ensuring that the data used in the model
are accurate enough to satisfy the requirement of the
application at hand. Data validation assisted in
identification of suspicious and invalid cases such as
outliers, variables and suspicious data values in the
active data set. The data were acquired from several
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sources, which form part of the limitation for this
research. Since the data were extracted from Lagos
state website. It was based on the assumption and
trust that Lagos State government has high reputation
that will not allow any official to publish wrong
information on the government website (Aleem,
2013).

Rectangular ‘Satlevel” Mathematical Model
Physical evidence of the views of the surface of the
earth supports the hypothesis that the totality of
geoidal undulation at a geographic location is
composed of two parts, namely:
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i.) The constant part throughout the study area Ny,
X, (independent of position) and

ii.) The changing part N, = f(p, A) which depends on
changes in geographic location within the study area
(Aleem, 2013).

N=N_+N ‘)

The statistical significance of these relationships is
considered in developing the model. The model
assumed that the geoidal undulation is a function of
geographical location. The model was derived as
follows:

Equation 1.1 can be represented functionally as:

N=h—H=N_+f(¢ A1) "

Where: ¢ & 4 are geodetic coordinates of the point
and N, is the mean of geoidal undulation

f (9, ) is the variable component of the geoidal value
at the point. Obviously, due to errors in the heights,
Equation 4 is never satisfied exactly. Systematic
errors and datum inconsistencies can be described by
a parametric surface model, suitably selected as a best
fit. Thus, at any point Equation 4 can be written as a

function of some base functions which depend on the
coordinates of the points:

N, =h —H, = N, + T (¢, 4) ®

The components are in fact spatial base-functions in
terms of the latitude and longitude of a point in a
geographic area.

The curvilinear coordinates in terms of (¢ X) of any
point in Equation 5 can also be given in terms of

rectangular coordinates (X, Y, Z). Therefore,
equation 5 becomes:
N, = hi— H,= N, + f(X,Y,2) ©)

The curvilinear coordinates can be converted to
rectangular using the expression below Rapp, 1980;
Jokeli 2006; Olaleye, et al, 2010:

X =(v+h)cosgcosi

(7a)

Y =(v+h) cosgsin A (7b)
—_— —_— 2 i

Z _[v(l e )+h}8m¢ (70)

N=h-H=N_+f ((v+h)c03/l cosg, (v+h)cosgsini,(v(l-e®)+h)sin ¢) 8

Equation 8 is not linear, it was linearized using
Taylor’s series expansion, and differentiated with
respect to each of the parameters. The first terms
were used and neglecting higher order terms to obtain
(Ayeni, 2001):

f(X,Y,Z):f(XD),(YD),(ZO)Jr%dX+%dY+%dZ ©)
Note that:

X =X0+dX, Y =YO+dY, Z =ZO+dZ
Therefore, the model will be given as:

N =X, + XX +X,Y +X,Z (13)

The geodetic coordinates of the points which can be
obtained from GNSS observation were converted to
rectangular coordinates using equations 7a, 7b & 7¢

The set of base functions involved in Equation 10 can
be represented as:

1 X Y Z] (12)

It is apparent that they met our hypothesis of a
mixture of constancy and variability of the geoidal
undulation at a point.
Where:
Xo, X1, X2 and x3 are the unknown parameters.
All other terms as earlier defined.

The unknown parameters in Equation 10 were
estimated by least-squares adjustment, since
sufficient observation points were available. These
unknown parameters computed from the Least
Squares adjustment are the Geoidal Coefficients.
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RESULTS AND ANALYSIS OF RESULTS

The results of data acquisition of orthometric height
(H) from geodetic levelling and that of GPS
ellipsoidal heights (h) are  presented as shown in
Figurel.

-~

———|
T
Lo

—
—3
—

Heights (m)
—
L~

i _ :

Figure 1: Chart showing the Relationship between Ellipsoidal and

Figure 3: Result of the Data used for the study
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Table 1: Curvilinear and Space Rectangular Coordinates Some of the Points used

Station Name Latitude Longitude X Y Z Distance
[] [] [m] [m] [m] [m]

XST 237 6.45480214 3.470396222 6326376.79 383656.9222 712259.3733

YTT78A 6.47000887 3.646457902 6324980.599 403083.1823 713930.5512 19857.8072
FGPLA-Y-003 6.42704123 2.890722633 6330279.633 319650.5076 709208.8429 81898.4157
CFPA21 6.44089609 2.919119213 6329952.831 322779.2959 710731.8211 3495.07918
YTT1703A 6.41999857 2.712921902 6331326.144 300008.8548 708434.6703 4509.63434
LWBC5-61P 6.50459261 2.926533297 6329113.107 323557.5998 717730.4949 13700.1800
CFPB36 6.39047864 2.824224997 6331097.606 312325.6154 | 705190.7575 4804.90637
ZTT2-57A 6.43808236 3.778118170 6324433.208 417642.4318 710422.1614 11087.1112
MCS1174S-A 6.66502729 3.323236155 6324736.803 367255.5981 735361.2880 2956.09324
YTT28-96 6.68580244 3.288081883 6324703.436 363360.1436 737644.3198 4515.29773
CFPA31 6.39438889 2.890307941 6330684.743 319625.0272 705620.4590 62802.7364
YTT9-73A 6.46469626 3.670838479 6324874.938 405778.8219 713346.8196 11454.4864
YTT16-76A 6.50349199 3.719303861 6324047.590 411097.4419 717609.9399 42103.7497
XST149 6.56550677 3.588484489 6324198.692 396608.7811 724424.4592 16011.9267
MCS1188T-A 6.49345969 3.582388693 6325133.279 395991.8080 716507.1560 7996.11148
YTT2-11A 6.42250489 3.513237463 6326488.494 388411.7561 708710.2553 10958.3510
XST225 6.42348209 3.531541184 6326352.054 390432.0548 708817.6473 5423.2625

Table 2: values of the Geoidal Coeficients computed.

Geoidal Values
Coefficients
NL 1717.275164
Ay -0.00026828
A -2.148E-05
A 1.5023E-05
Table 3: Results of Validation of “Satlevel” Rectangular Model for Lagos State
Stations Latitude Longitude Observed Observed Observed Computed Difference
Ellipsoidal Orthometric Undulation | Undulation Between the
Height Height Observed and
(h) (H) (N) (N) Computed
Undulation
. . [m]
[l [l [m] [m] [m] [m]
YTT2-11A | 6.422504894 | 3.513237463 26.4160 4.3660 22.0500 | 22.30913097 0.106869031
XST126 6.623861573 | 3.528768937 24.6990 2.2640 22.4350 | 23.31351975 -0.878519746
XST136 6.468232669 3.56529207 30.2510 7.7600 22.4910 | 22.50887863 -0.017878631
XST137 6.426358515 | 3.580480429 27.0900 4.8320 22.2580 | 22.29144198 -0.033441979
XST225 6.423482091 | 3.531541184 26.4470 4.1980 22.2490 | 22.30352167 -0.054521669
DISCUSSION checked points were also used to compute the

ANALYSIS OF RESULTS

The following tests were used to assess the
performance of parametric model viz.: classical
empirical approach, assessing the goodness of fit,
model validation and the significance test of the
model parameters

CLASSICAL EMPIRICAL APPROACH

The most common method used in practice to assess
the performance of the selected parametric model is
to compute the statistics for the adjusted residuals
after the least squares fit. The residuals were
computed. The mean square error obtained was
0.134mm

MODEL VALIDATION

Data for five points were randomly selected as checks
for model validation. The other data were used to
compute the Geoidal Coefficients of this model. The

Geoidal Coefficients, which were later used to
compute the datum for the points. The mean square
error computed to be 0.159mm. Table 3 show the
result of the validation.

SIGNIFICANCE TEST OF THE MODEL
PARAMETERS

Null hypothesis H, : X, X,, X, X,, % =0 (11a)
Alternative hypothesis H, : X, X,, X, #0 (11b)
To test the hypothesis that there is no significant
contributions to the variability of geoidal undulation
by the explanatory variables.

Decision Rule: H, may be rejected at significance

level ¢ < 0.05 if F> Fa,71,0- 00s= 8 Obtained using
Microsoft excel.
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Decision: H, was rejected; since the computed F (13)
was greater than the F from the table (8).
Meaning that, the explanatory variables made
significant contributions to the variability of geoidal
undulation

COEFFICIENT OF DETERMINATION

A statistical measure of the goodness of the
parametric model fit for a discrete set of points is
denoted by R® In the extreme case where the
parametric model fit is perfect. R* =1. The other
extreme occurs if one considers the variation from the
residuals to be nearly as large as the variation about
the mean of the observations resulting in the
fractional part. The closer the value is to one, the
smaller the residuals and hence the better the fit
(Fotopolous, 2003). The coefficient of determination
for the model was computed as 0.982. Therefore, the
variation not accounted for by the model is just 2%.

CONCLUSIONS

In this work, ellipsoidal and Orthometric Height were
extracted from the Comprehensive digital mapping of
Lagos. Polynomial models using least squares
method was developed from the combination of
Orthometric and ellipsoidal heights along with space
rectangular coordinates to derive their Geoidal
Coefficients. Optimal predictive geoid model called
Rectangular “Satlevel” for deriving Orthometric
Height from ellipsoidal heights has been developed.
The model was tested using the extracted data for
Lagos state of Nigeria.

The result of this model when compared with the
directly observed values shows no significant
different between the values obtained with the
derived model. The implication of this is that the
model is adequate for generating geoidal corrections
for converting GNSS derived height to required
Orthometric Height within the project area.
Evidently, there is an urgent need for incorporation of
a corrector surface for modelling local discrepancies
in the Nigerian height system. The present situation
where different height systems are scattered all over
the country is unprofessional, unacceptable and
therefore should be discouraged. This will involve the
use of different models as a correcting factor in
different part of the country that may require
collocated GNSS and Spirit levelling observations.
Satlevel has satisfied this need in the study area as
shown and can be expanded to different regions
across the country.

RECOMMENDATIONS

¢+ The office of the Surveyor General of Lagos State
should be tasked with the responsibility to set up
more tidal observation posts to supplement the
present one owned by different organisation, so
that changes in mean sea level can be properly
monitored.
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» The current situation in Nigeria is the
determination of geoid by individual state. There
is a need to be properly integrated the geoid from
various states in Nigeria to have a uniform geoid
for the country. It is therefore recommended that
each state should have the geoid extended to
neighbouring state so as to make integration
smooth.

«¢+ Furthermore, the Office of the Surveyor General

of the Federation (OSGoF) should as a matter of

urgency embark on the determination of a

National Geoid Model in order to stem the current

trend in Nigeria whereby each state is determining

their own geoid model.
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