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Abstract 
This paper proposed and evaluated self-excited responses of multi-bay reinforced concrete frames with stiffened 
joints. In the course of this work, much emphasis was placed on how the lengths of stiffened joints could 
influence the dynamic response of the frames under self-excitation. Consequent upon, the stiffened length ratio, 
(i.e. the ratio of stiffened length to unstiffened length)  of the structural members are varied and at each 
condition the associated frequency spectrum of the simulated frame was evaluated; and a comparative analysis 
was made on the fundamental period of the stiffened joints model with that of its equivalent shear building 
model. It was found that at about eleven percent (11%) stiffened length ratio, a 3-floor dual-bay r. c. frame with 
stiffened joints model exhibited dynamic response equal to that of its equivalent shear building model. Similarly, 
similar responses were attained at thirteen percent (13%) and sixteen percent (16%) stiffened length ratios 
respectively for a 5-floor dual-bay frame and a 9-floor dual-bay frame with stiffened joints models when 
compared with that of their equivalent shear building models. 
__________________________________________________________________________________________ 
Keywords: multi-bay frames with stiffened joints; self-excitation; natural frequencies; fundamental period of 

vibration 
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INTRODUCTION 
Multi-storey, multi-bay reinforced concrete framed 
structures are currently becoming important 
engineering structures as most of the high rise 
buildings are designed and constructed as multi-
storey, multi-bay frames. Consequent upon, different 
structural and analytical models have been proposed 
by various stakeholders in engineering for the 
analysis and design of framed structures, especially 
for those that are prone to dynamic loads. But all of 
them aim at a common goal of designing a structure 
that is capable of fulfilling its intended purposes with 
a minimum risk of failure, taken into consideration 
all statistical uncertainties of loads and resistances, 
and the economic constraints, [Meyer, 1991]. Among 
the structural and analytical models employed in 
multi-storey frame analysis and design is the “Shear 
Building Model”.  
 
Traditionally, and most often, regular framed 
building structures are analysed as Shear Building 
Model, when they are being investigated for dynamic 
stability. The special features of the Shear Building 
analysis lie on the hypothetical principles that all the 
horizontal structural members are infinitely rigid 
relative to the associated vertical structural members; 
and that only vertical members can deform laterally 
during structural deformation due to lateral deflection 
of the floor levels; and ultimately that joint rotations 
are not permitted as a result of the infinite rigidity of 
the horizontal structural members. However, in spite 
of the fact that the shear Building Model had been 
used in its contemporary for approximating the 

natural frequencies of framed structures, some of the 
hypotheses postulated in the Shear Building method 
of analysis are feasibly inapplicable. The work 
carried out by Osadebe N. N. [Osadebe, 1998] proved 
that the use of Shear Building Model for dynamic 
analysis of multi-storey buildings with flexural 
rigidity ratio of beam to column ( cbEI EI ) less 
than 15 is inadequate due to over assumption of 
infinite rigidity of the horizontal structural members. 
The Capacity Design Model, (CDM), is another 
structural model of special interest to the stakeholders 
in structural engineering. In Capacity Design Model, 
a special hierarchy of members’ strengths is devised 
that assures the formation of plastic hinges in pre-
specified zones, preferably in the beams. 
Fundamentally, this design concept relies on the 
strength of the structural members of the frame; and 
hypothetically it is believed that all or most of the 
structural elements participate equally in the task of 
energy dissipation, with the result that any damage 
occurring is uniformly distributed over the entire 
frame. The simplest and most current in use is the 
“strong column – weak beam” concept, [Park, 1986]. 
However, even though the Capacity Design Model 
has been internationally accepted by various zonal 
Codes of Practice in the analysis and design of 
moment-resisting frames against earthquake loads, 
there is no unified empirical parameters adopted for 
the analysis and design among all the zones, [Booth 
et al, 1994]. For instance, to ensure that plastic hinges 
formed in the beams, the Uniform Building Code 
recommended that in practical design, the sum of the 
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moments cM , corresponding to design flexural 

strength of the columns framing to the beams should 
be grater or equal to 1.2 times the sum of the 

moments, bM , corresponding to the design 

flexural strength of the beams, [UBC-ICBO, 1991]. 
On the other hand, the American Concrete 
Institute/American Society of Civil Engineers 

Committee 352 recommended a ratio of 7
5  instead 

of  6
5  in all ductile seismic – resisting frames, 

[ACI-ASCE, 1985]. Paulay T., in his work, [Paulay, 
1986], reviewed and gave a complete assessment of 
such special provisions for seismic design of building 
Code requirements, especially on reinforced concrete, 
and pointed out some deficiencies in the provisions 
that require engineering attention. Consequent upon, 
for some of these inherent shortcomings in those 
structural and analytical models that this paper is 
poised to propose and evaluate the dynamic response 
of multi-bay reinforced concrete frames with 
stiffened joints. The main objective of this paper is to 
evaluate the dynamic responses of multi-storey, 
multi-bay reinforced concrete framed structures with 
stiffened joints under self-excitation, analysed using 
Modified Classical Displacement method Approach 
(MCDMA); and to compare these results with the 
results obtained by using the Shear Building Model 
(SBM) method of analysis for the same framed 
buildings placed under the same environmental 
conditions.    
 
Stiffness Influence Coefficients 
Classical Displacement method of analysis of framed 
structures fundamentally demands the evaluation of 
Stiffness Matrix of the structural elements. Therefore, 
in the course of this work, the formulation of 
mathematical models for evaluating the stiffness 
influence coefficients for stiffened joints becomes 
extremely necessary. However, the formulation of the 
mathematical models follows didactic approach, 
using the usual method of elastic curve to determine 
the actions imposed upon a given unstiffened 
structural member by the supporting medium when 
displacements (either rotations or linear 
displacements) occur independently at each end of 
the member, (see Figure 1 and 2). In this work, it is 
assumed that the displacement is very small; and that 
the effect of axial force is disregarded. From Figure 1 
(a – d), when a unit rotation is induced at the end A 
independently, the following expressions are 
established: - 

4
A A

E IM
L

=     (1.0) 

2
B A

E IM L=     (2.0) 

2
6

BA
EIQ Q
L

= =    (3.0) 

Also from Figure 2 (a – d), on the other hand when a 
unit linear displacement is induced independently at 
the end A, the following expressions are established: 
- 

2
6

A A
E IM
L

=     (4.0) 

2
6

B A
E IM
L

=     (5.0) 

3
12

BA
EIQ Q

L
= =    (6.0) 

where MAA, MBA are the generated moments at the 
ends A and B respectively, and QA, QB are the 
generated shear forces at the ends A and B 
respectively due unit displacement at A. In Figures 3 
and 4, certain portions of the structural element are 
stiffened such that they attained the state of infinite 
rigidity relative to the remaining portion of the 
structural element; and when a unit rotation is 
induced at the end A independently, (Figure 3), the 
stiffened portion can only displace linearly and not to 
deform elastically. Consequently, the traditional 
elastic curve starts at the intersection of the flexible 
portion and the infinitely rigid portion. Therefore, to 
evaluate the stiffness influence coefficients for 
stiffened ends due to a unit rotation at A, two 
separate analyses need to be carried out; the first 
operation is to evaluate the stiffness influence 
coefficients for the unstiffened portion of the 
structural element by employing the appropriate 
expressions as deduced from Figures 1 and 2, 
(equations 1 – 6); and the second operation involves 
the evaluation of the stiffness influence coefficients 
for the stiffened ends from static equilibrium 
conditions, after taking sections at the points of 
intersection of the unstiffened and stiffened portions. 
 
Formulation of Mathematical Models for Stiffness 
Influence Coefficients for Stiffened Joints 
Suppose a unit rotation is applied independently at 
the end A, (see Figure 3), the portion AC can only 
rotate whereas the portion CD, in addition to 
deflection value ‘a’, deforms elastically. Therefore 
the moment at C will be given by superposing 
equations (1.0) and (4.0).  Thus,  

2
4 6

C
E I E IaM
L L

= +   (7.0) 

By introducing the notation 
aα =
L

 and after 

simplification of equation (7.0), we can write: 
4 31

2C
E IM
L

a
é ù
ê ú
ê úë û

= +   (8.0) 

Similarly, the moment induced at D due to unit 
rotation at A will be given by superposing equations 
(2.0) and (5.0). 

Thus, 

2
2 6

D
E I E IaM
L L

= +   (9.0) 

On simplification as usual, we have: 
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2 1 3D
EIM
L

aé ùê úë û= +   (10.0) 

In similar approach, the corresponding shear forces at 
C are thus: 

2 3
6 12

C
EI E IQ a
L L

= +   (11.0) 

On simplification, we have: 

2
6 1 2C

EIQ
L

aé ùê úë û= +   (12.0) 

And since there is no external load, shear forces at D 
will be absolutely equal to shear forces at C, that is, 

2
6 1 2D

E IQ
L

aé ùê úë û= +   (13.0) 

Therefore to determine the Stiffness Influence 
Coefficients at ends A and B, we make use of 
equations of static equilibrium.  

 
 
 
 
 
     A                                    C 
 
 
     a                                      

 
 
 
Taking moment about A will yield: 

. 0A C CM M Q a- - =  
hence  

.A C CM M Q a= +  
By substituting for MC and QC in the above 
expression, we have: 

4 3 61 1 2
2A

EI EIM
L L

a a a
é ù é ùê ú ê úë ûê úë û

= + + +  

      = ( )4 3 31 1 2
2 2

EI
L

a a a
é ù
ê ú
ê úë û

+ + +  

24 1 3 3A
EIM
L

a aé ù
ê úë û= + +   (14.0) 

 
Similarly, the moment MB is determined as thus: 
 

 
 
 
 
     A                                     
 
 
     b                                  
 
 

 
Taking moment about B will yield: 

 
. 0B D DM M Q b- - =  

hence  
 

.B D DM M Q b= +  
Substituting for MD and QD in the above expression, 
we have: 

2
2 61 3 1 2B

EI EIM b
L L

a aé ù é ùê ú ê úë û ë û= + + +  

Introducing the notation bβ = L  in the above 

expression, we have after simplification: 

( )2 1 3 3 2B
EIM
L

a b a bé ù
ê úë û= + + +  (15.0) 

It is interesting to observe that the formulated 
mathematical models for the expressions for 
moments in equations (14.0) and (15.0) for the 
stiffened ends have quadratic coefficients in stiffened 
length ratio that modify the expressions for moments 
for the unstiffened ends respectively. 
However, suppose a unit displacement is induced at 
end A instead, (see Figure 4b); the portion AC will 
behave like a straight bar thus equally giving the 
same unit displacement at C. But the portion CD 
deforms elastically as schematically described by 
Figure 4b. Therefore the moment at C will be given 
by analogous equation (4.0). Thus: 

2
6

C
E IM
L

=     (16.0) 

and 

2
6

D
E IM
L

=     (17.0) 

and the corresponding shear forces will be: 

3
1 2

C
E IQ

L
=     (18.0) 

3
1 2

D
E IQ

L
=     (19.0) 

 
Then the moments induced at ends A and B due to a 
unit displacement at A will be evaluated by the use of 
equations of static equilibrium.  
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     a                                      
 
 
 

Taking moment of all the forces about A will yield: 
. 0A C CM M Q a- - =  

hence  
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Substituting for MC and QC in the above expression, 
we have: 

2 3
6 12 .A

E I E IM a
L L

= +  

On simplification using the usual notation, we have: 

2
6 1 2A

EIM
L

aé ùê úë û= +    (20.0) 

Similarly, the moment at B will be found from:  
 
 
 
 
     A                                     
 
 
     b                                      
 
 
 

Taking moment about B will give: 
. 0B D DM M Q b- - =  

hence 
.B D DM M Q b= +  

Substituting for MD and QD we have: 

2 3
6 12 .B

EI EIM b
L L

= +  

 

2
6 1 2B

EIM
L

bé ùê úë û= +   (21.0) 

However, unlike the formulated mathematical models 
for expressions for moments in case of unit rotation, 
the coefficients that modify the expressions for 
moments for unstiffened ends respectively when a 
unit linear displacement is induced at end A are 
linear, greater than unity. 
 
Structural Model 
The building configuration adopted for this work is a 
dual bay, multi-storey frame with a plan view as 
shown in Figure 5. Columns, as well as beams 
framing to a particular joint are stiffened; and since 
for a given concrete grade, the flexural strength of the 
structural members is a function of the sectional 
moment of inertia; therefore the sectional moment of 
inertia of flexible portions of the cross 
beams/columns are selected on the basis of static load 
conditions.   
 
The Stiffness Matrix for Stiffened Joints 
Figure 6 shows the base system for a 3-floor dual 
frame model with stiffened joints; and the stiffness 
matrix for the frame models is evaluated using Figure 
6. Thus a unit rotation is induced at each joint at a 
time in sequence while the other joints are restricted 
(or locked); and the moments are generated 
accordingly. Similarly, a unit displacement is induced 
at each floor level while restricting other levels; and 

the forces are generated accordingly. The essential 
equations to be employed are thus: - 

24 1 3 3i
ii

ii

KM
L

a aé ù
ê úë û= + +   (22.0) 

( )2 1 3 3 2i
ji

ii

KM
L

a b a bé ù
ê úë û= + + +  (23.0) 

, 2
6 1 2i

k m
ii

KM
h

aé ùê úë û= +   (24.0) 

, 2
6 1 2i

m k
ii

KM
h

bé ùê úë û= +   (25.0) 

where 

iiM =  moment at joint i due to unit rotation at 
joint i 

jiM =  moment at joint j due to unit rotation at 

joint i 

kmM = moment at k due to unit displacement at 
joint m 

mkM = moment at m due to unit displacement at 
joint k 

iK = relative stiffness i
i

c

IK I
æ ö÷ç ÷ç ÷çè ø

=  

iiL  (or iih ) = effective length (or height) 
and  

( )1
o

ii
LL
a b

=
+ +

 

( )1
o

ii
hh
a b

=
+ +

 

 0 0L or h  engineering length of the structural 

member. 
The assemblage of the restoring forces evaluated for 
all the floors’ displacements in matrix form gives the 
Stiffness matrix as thus:- 
 

Ks  = 
11 12 1

1 2

n

nnn n

k k k

k k k



  



æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷çè ø

  (26.0) 

  
Dynamic Model 
With respect to the fact that almost all engineering 
structures are continuous and possess infinite number 
of degrees of freedom, [Clough & Penzien, 1993; 
Polyakov, 1985], the adoption of lumped mass 
system in dynamic analysis is still acceptable with  
reasonable approximate results, [Feodosyev, 1973]. 
Consequently, in this work, each of the simulated 
reinforced concrete multi-bay, multi-storey frame is 
modeled as a structure with finite number of degrees 
of freedom, by assuming lumped mass element 
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MB MD 

QB 

QD 
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concentration at the right corner of each floor level as 
shown in Figure 7. 
 
Dynamic Analysis 
The fundamental approach in the dynamic analysis of 
structural system is the evaluation of the natural 
frequencies associated with the natural vibrations of 
the system, [Rao, 2006; Biggs, 1964]. In practice, 
especially for regular building structures, it is only 
the fundamental tone of vibrations that is usually 
considered to be paramount, since resonance at the 
lowest frequency is likely to result in maximum 
dynamic effects, [Darkov, 1983]. However, without 
limitation, in recent publication, [Hemant et al, 
2006], it was pointed out that with increasing number 
of floors, the flexibility of the building structures 
increases, thereby bringing the higher mode effects 
into the picture. It is solemnly therefore 
recommended that in dynamic analysis of tall 
buildings (ten or more floors), even if the buildings 
are regular, the higher modes should be considered in 
addition to the first mode.   
 
Equation of Motion 
In this work, the governing differential equation 
adopted is that due to the D’Alembert’s principle for 
dynamic equilibrium equations; thus 

( ) ( ) ( ) ( )t t t tx x x  M C K P   (27.0) 

where M, C, K are matrices for mass elements, 
damping elements, and stiffness coefficients 
respectively; P(t) is the column vector representing 
the external excitations; ( )tx ( )tx , ( )tx  are vectors 

of displacements, velocities and accelerations of a 
system with finite number of degrees of freedom. 
And since this work is much concerned with self-
excitation, then the exciting force vector is zero, and 
equation (27.0) becomes: 

( ) ( ) ( ) 0t t tx x x  M C K   (28.0) 

In principle, all vibrating system are to certain degree 
subject to damping effect due to the fact that energy 
is dissipated by friction and other resistances. 
However, in practice, damping in some cases is very 
small; or the dynamic disturbances on the vibrating 
system (buildings) are short lived so that the effect of 
damping becomes unimportant and very negligible, 
[Coates et al, 1980]. Consequently, in this work, the 
effect of damping is neglected, and equation (28.0) 
reduces to: 

( ) ( ) 0t tx x M K    (29.0) 

On simplification of equation (29.0), a non-trivial 
equation is obtained: 

0-1
sM K - I

2
ω

   (30.0) 

where 
M-1Ks   = dynamic matrix 
and 
M-1       = inverse matrix of mass system 

 Ks       = stiffness matrix of the system 
w =  eigenvalues. 
I = identity matrix. 
 
In this paper, constant lumped mass system is used 
for the floor levels, that is 

1 2 3 ... nm m m m= = = = . And since the major 
objective of this work is to verify the efficacy of the 
stiffened joints in the dynamic response of self-
excited multi-bay frames, we lose no generality in 
setting the value of lumped mass, im  equal to a unit. 
Thence the dynamic matrix has been simplified to be 
equivalent to Stiffness Matrix, Ks , in structured 
form; and equation (30.0) is modified to look as 
follows: 

2Ks I     (31.0) 

 
METHODOLOGY 
Structurally, sizing of columns and beams in framed 
structures is dependent upon the actions by which 
they are likely to withstand. Consequently, in this 
work, the sectional moment of inertia of the flexible 
portions of the structural members are statically 
evaluated accordingly; while the joints are set 
infinitely rigid as shown in Figure 6. 
 
Procedure of Methodology 
(i) The stiffened length at the joint for each structural 

member framing into the joint is selected; and it 
is expressed in percentage, or otherwise referred 
to as stiffened length ratio, which is given by 

 a borL L   , where a (or b) is the 

stiffened length of the structural member at the 
joint, and L is the length of the flexible portion 
of that structural member. 

(ii) The stiffness matrices for each simulated system 
are determined at a given value of � (or β), 
starting from 0%, then at 5%, 10%, 15% and 
20% respectively, using the formulated 
mathematical models for evaluating the stiffness 
influence coefficients for stiffened joints frames. 

(iii) The natural frequencies of the simulated 
reinforced concrete frames for a given �-value 
are evaluated using the Modified Classical 
Displacement Method Approach. 

(iv) The natural frequencies of the same simulated 
frames, without stiffened joints, are evaluated 
using the Shear Building Model Approach. 

(v) The fundamental tone of vibrations for each 
simulated system for a given value of � is 
normalized with the corresponding fundamental 
tone of vibrations, obtained by using the Shear 
Building Model; and these normalized 
fundamental frequencies are represented 
graphically against the �, with the � as the 
abscissas.  
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RESULTS AND DISCUSSIONS 
Tables 1, 2 and 3 show the dynamic responses of 
three simulated r. c. frames with stiffened joints 
structural model as well as the dynamic responses  of 
the frames evaluated using Shear Building Model 
(SBM), (extreme right hand side). In this work, the 
effect of the fundamental tone of vibrations is much 
more important;  and consequently the length of the 
fundamental period of vibrations is used as a criterion 
adequacy to define the stiffness distribution of the 
structure, [Scarlat, 1996]. And thus from the dynamic 
responses obtained by using the Shear Building 
Model, all the simulated systems have been classified 
as rigid; and therefore the dynamic performance of 
the frames with stiffened joints can be compared 
adequately with that of the Shear Building 
performance on the basis of the fundamental 
frequencies. In the analysis, the fundamental 
frequencies of each simulated frame model at various 
values of � are normalized with the fundamental 
frequency of the corresponding Shear Building 
Model; and the results are graphically represented, 
(see Figure 9). From the graphical representations, 
the abscissa reading of each graph at a point where its 
normalized fundamental frequency equals unity, 
gives the stiffened length ratio necessary to 
dynamically respond with equal fundamental 
frequency with that of its equivalent Shear Building 
Model. Thus, from the graphical representations, it is 
deduced that in a 3-floor dual bay frame model, about 
10.8% stiffened length ratio dynamically gives 
equivalent response to that of Shear Building 
analysis. Similarly, in a 5-floor dual bay frame and 9-
floor dual bay frame models, about 13.2% and 15.8% 
stiffened length ratios respectively give dynamically 
equivalent responses to that of associated Shear 
Building analysis.    
 
CONCLUSION AND RECOMMENDATION 
From the results obtained, it is quite obvious that 
multi-bay framed structures with stiffened joints 
model give appreciably favourable response to 
dynamic stability. Also, from the comparative 
analysis, it can be concluded that within the range of 
15% to 25% stiffened length ratio, medium rise 
multi-bay framed structures with stiffened joints will 
give favourable response to occasional loads of any 
moderate degree. And consequently, it is 
recommended that medium rise multi-bay framed 
structures cited in probabilistic zones could be 
analysed and designed as frames with stiffened joints 
model.    
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Figure1: Stiffness Influence Coefficients on 

Unstiffened Ends due to Unit Rotation. 
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Figure 2: Stiffness Influence Coefficients on 

Unstiffened Ends due to Unit 
Displacement at end A.                                             
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Figure 3: Stiffness Influence Coefficients on 

Stiffened Ends due to Unit Rotation at 
end A 
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Figure 4: Stiffness Influence Coefficients on 

Stiffened Ends due to Unit 
Displacement at end A 
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Figure 5: The Plan view of the 
simulated Multi-storey, multi-bay 
Reinforced Concrete Building. 
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Figure 6: The Base System for a 3-floor Dual-bay 

Frame Model with Stiffened Joints. 
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Figure 7: The Structural System of Dual-Bay, 5-Floor 

Frame Model with Stiffened Joints. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 8: The Dynamic Model for 9-Floor Dual-Bay 
Frame Model with Stiffened Joints. 
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Table 2: Natural Frequencies for 9-Floor Dual-Bay 
Frame Model 

 
Natural Frequency ( )rad/s  

Stiffened Joints Model 
          α = β  

SB
M

  α =  
0.00 

α =  
0.05 

α =  
0.10 

α =  
0.15 

α =  
0.20 

1  22.02 27.12 31.74 35.57 39.86 35.98 

2  69.37 83.36 95.83 106.90 120.44 103.65 

3  120.72 147.31 163.40 183.72 207.92 176.71 

4  174.82 206.25 230.57 260.04 293.69 239.17 

5  241.29 282.97 314.85 353.82 396.93 311.07 

6  310.36 356.06 404.03 453.20 506.38 373.58 

7  385.67 444.46 502.70 564.25 629.65 428.69 

8  441.59 504.69 576.95 648.76 723.89 474.21 

9  511.60 587.95 670.49 755.39 843.65 526.35 

 
Table 3: Natural Frequencies for 5-Floor Dual-Bay 
Frame Model 

 
Natural Frequency ( )rad/s  

Stiffened Joints Model 
          α = β  

SB
M

  α =  
0.00 

α =  
0.05 

α =  
0.10 

α =  
0.15 

α = 0
.20 

1  27.21 27.29 53.23 60.14 68.41 57.53 

2  116.97 132.45 160.61 180.91 203.52 163.98 

3  210.58 241.43 275.41 309.75 346.06 265.51 

4  324.32 375.66 431.45 485.11 540.59 380.16 

5  428.04 496.41 576.96 649.77 724.99 461.69 

 
Table 4: Natural Frequencies for 3-Floor Dual-Bay 

Frame Model 
 

Natural Frequency ( )rad/s  

Stiffened Joints Model 
          α = β  

SB
M

  α =  
0.00 

α =  
0.05 

α =  
0.10 

α =  
0.15 

α =  
0.20 

1  53.53 54.10 71.65 81.18 91.17 72.38 

2  174.34 193.57 228.14 257.38 287.42 220.30 

3  341.46 389.28 446.14 502.11 560.18 265.51 
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Figure 10: Graphical Representations of various 
Normalized Fundamental Frequencies. 

 
 
 


