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Abstract  
Some construction methods of the optimum chemical balance weighing design with repeated blocks are 
proposed which are based on the incidence matrices of the known symmetric balanced incomplete block designs 
and some pairwise balanced designs are also obtained which are efficiency as well as variance balanced 
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INTRODUCTION 
The modern concept of experimental designs is 
primarily due to Sir R.A. Fisher, who formulated and 
developed the basic ideas of statistical designing in 
the period 1919-1930. Later different methods of 
construction of balanced incomplete block designs 
have been given in literature, like, Agrawal et al. 
(1982), Caliński (1971), Hanani (1975), Shrikhande 
et al. (1963) etc. Out of the two main concepts of 
balancing in incomplete block designs, Rao (1958) 
gives a necessary and sufficient condition for a 
general block design to be variance balanced. The 
concept of efficiency balanced was introduced by 
Jones (1959) and the nomenclature “Efficiency 
Balanced” is due to Puri et al. (1975) and Williams 
(1975). In many of the applications, BIB design 
would contain repeated blocks. Indeed, the statistical 
optimality of BIB designs is unaffected by the 
presence of repeated blocks. Van Lint (1973) gave 
the concept of repeated blocks. Foody et al. (1977), 
Hedayat et al. (1972, 1984), Ghosh et al. (2001), 
Ceranka et al. (2007, 2009) presented some potential 
applications of the balanced incomplete block designs 
with repeated blocks.  
 
Another important concept is weighing design which 
was originally given by Yates (1935). Later this 
illustration was formulated as a weighing problem by 
Hotelling (1944). Over the years the problem has 
attained a distinctive growth and has acquired the 
status of a problem in the design of experiments. In 
the latter developments, attention has been made in 
the direction of obtaining "optimum weighing 
designs”. Hotelling (1944) gave the condition under 
which each of the variance of the estimated weights 
attained the lower bound. Prominent work has been 
done by Dey (1969, 1971), Benerjee (1948, 1975), 
Raghavrao (1959, 1960) and many others in this area 
of research. In recent years Ceranka et al. (2001, 
2002, 2004, 2010) provided the way to deal with the 

problem of estimating individual weights of objects, 
using a chemical balance weighing design under the 
restriction on the number in which each object is 
weighed. The new methods of constructing the 
optimum chemical balance weighing designs and a 
lower bound for the variance of each of the estimated 
weights from this chemical balance weighing design 
were obtained and a necessary and sufficient 
condition for this lower bound to be attained was 
proposed by Ceranka et al. (2001). The constructions 
were based on the incidence matrices of balanced 
incomplete block designs, balanced bipartite block 
designs, ternary balanced block designs and group 
divisible designs. 
 
In this paper we proposed a construction method of 
obtaining optimum chemical balance weighing 
design using the incidence matrix of symmetric 
balanced incomplete block design. 
 
Let us consider ν treatments arranged in b blocks, 
such that the jth block contains kj experimental units 
and the ith treatment appears ri times in the entire 
design, i = 1,2,…….,ν;  j = 1,2,………,b. For any 
block design there exist a incidence matrix N = [nij] 
of order ν x b, where nij denotes the number of 
experiment units in the jth block getting the ith 
treatment.  When nij = 1 or 0  i and j, the design is 
said to be binary. Otherwise it is said to be nonbinary. 
In this paper we consider binary block designs only. 
The following additional notations are used k = [k1 
k2…..kb]’ is the column vector of block sizes, r = [r1 
r2…..rv]’ is the column vector of treatment 
replication, Kbxb = diag [k1 k2…..kb]  , Rvxv = diag [r1 
r2…..rv] , Σri = Σkj =n  is the total number of 
experimental units , with this N1b = r  and N’1v = k  
, Where 1a is the a x 1 vector of ones. A block design 
with parameters (ν, b, r, k, λ) consists of a of ν 
treatments in b blocks, each of size k (k < ν)  is 
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known as BIBD if (i) In a block design each 
treatment is contained in precisely r blocks and    (ii) 
each pair of points is contained in precisely λ blocks; 
where the parameters satisfy bk = νr,           r(k-1) = λ 
(ν-1) and b ≥ v (Fisher’s Inequality). A BIB design is 
said to be symmetric if b=ν and r=k. In this case 
incidence matrix is a square matrix i.e. N’=N. In case 
of symmetric balanced incomplete block design any 
two blocks have λ treatments in common.  
The information matrix for treatment effects C 
defined below as  
          C = R – NK-1N'                   (1)                                                  
 Though there have been balanced designs in various 
senses (see Puri and Nigam (1975), Caliński (1977)). 
We will consider a balanced design of the following 
type. A block design is said to be balanced if every 
elementary contrast of treatment is estimated with the 
same variance (see Rao (1958)). In this sense this 
design is also called a variance balance design. It is 
well known that block design is a variance balanced 
if and only if it has  
C = μ [ Iν – (1/ ν ) 1ν1ν' ]                                      (2) 
where μ is the unique nonzero eigenvalue of the 
matrix C with the multiplicity (v – 1), Iv is the       
v × v identity matrix.                                           (3) 
 
A block design is called efficiency balanced if every 
contrast of treatment effects is estimated through the 
design with the same efficiency factor.  
Let us consider the matrix Mo given by Caliński 
(1971)     
  Mo = R-1NK-1N' – (1/n) 1ν r'                            (4)                  
and since Mo S = ψ S, where ψ is the unique non zero 
eigen value of Mo with multiplicity (ν-1) and Mo is 
given as (4). Caliński (1971) showed that for such 
designs every treatment contrast is estimated with the 
same efficiency (1- ψ) and N is a EB block design if 
and only if  
  Mo = ψ (Iν – (1/n) 1νr')                       (5) 
Kageyama (1974) proved that for the EB block 
design N, eqn (5) is fulfilled if and only if    
    

 C = (1- ψ) (R – (1/n) r r')    
A block design is said to be pairwise balanced if 




ji

b

j
ji nn '

1
(a constant) for all i, i’, i ≠ i’ and a 

pairwise balanced block design is said to be binary if 
nij = 0 or 1 only, for all i, j and it has parameters ν, b, 
r, k, Λ (= λ, say) [in this case, when r = r1v and k = 
k1b, it is a BIB design with parameters  ν, b, r, k, λ]. 
Weighing designs consists of n groupings of the p 
objects and suppose we want to determine the 
individual weights of p objects. We can fit the results 
into the general linear model 

111   nppnn ewXy         (6) 
The elements of matrix 

,....2,1,....,2,1),( pjnixX ij  take the 
values as 

                      


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 weighingi in thepan right  in the placed isobject jth   theif
  weighing,i in thepan left  in the placed isobject jth   theif
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1
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ijx

 
where y is an n  1 random column vector of the 
observed weights, w is the p 1 column vector 
representing the unknown weights of objects and e is 
an n  1 random column vector of errors such that 
E(e) = 0n and E(ee’) = . Where 0n is 

the n1 column vector with zero elements 
everywhere; in the nn identity matrix “E” stands 
for expectation and “e” is used for transpose of e. 
The normal equations estimating w are of the form   

,ˆ '' yXwXX                  (7)                                           
where ŵ  is the vector of the weights estimated by the 
least squares method.  
 
When the objects are placed on two pans in a 
chemical balance, we shall call the weighings two 
pan weighing and the design is known as two pan 
design or chemical balance weighing design. In 
chemical balance weighing design, the elements of 
design matrix X = {xij} takes the values as +1 if the 
jth object is placed in the left pan in the ith weighing, -
1  if the jth object is placed in the right pan in the ith 

weighing and 0 if the jth object is not weighted in the 
ith weighing.  A chemical balance weighing design is 
said to be singular or nonsingular, depending on 
whether the matrix X’X is singular or nonsingular, 
respectively. It is obvious that the matrix X’X is 
nonsingular if and only if the matrix X is of full 
column rank (= p). Now, if X is of full rank, that is, 
when X’X is nonsingular, the least squares estimate 
of w is given by yXXXw '1' )(ˆ       (8)                                                                 
and the variance - covariance matrix of ŵ   is 

1'2 )()ˆ(  XXwVar              (9)  
 
Hotelling (1944) has shown that if n weighing 
operations are to determine the weights of                  
p = n objects, the minimum attainable variance for 
each of the estimated weights in this case      is     and 
proved the theorem that each of the variance of the 
estimated weights attains the minimum if and only if 
X’X=nIp. 
 
VARIANCE LIMIT OF ESTIMATED 
WEIGHTS 
Let X be an pn   matrix of rank p of a chemical 
balance weighing design and let mj be the number of 
times in which jth object is weighed, j=1,2,…., p (i.e. 
the mj be the number of elements equal to -1and 1 in 
jth column of matrix X). Then Ceranka et al. (2001) 

proved the following theorem:  
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Theorem : For any n x p matrix X, of a nonsingular 
chemical balance weighing design, in which 
maximum number of elements equal to -1 and 1 in 
columns is equal to m, where m=max 
{m1,m2,……,mp}. Then each of the variances of the 
estimated weights attains the minimum if and only if 

pImXX '         (10)   
Also a nonsingular chemical balance weighing design 
is said to be optimal for the estimating individual 
weights of objects if the variances of their estimators 
attain the lower bound given by,  

       

pj
m

wVar ,......2,1,)ˆ(
2

 

     
(11) 

 
METHOD OF CONSTRUCTION 
In SBIB design D with the parameters v = b, r = k, λ ; 
considering the r-blocks containing the element ,  
= 1,2,…….,v. Rearranging the r-blocks 
corresponding to any element  and doing the same 
for all the v treatments, then the vr blocks so formed 
by these r-blocks, is a BIB design D’ with incidence 
matrix N’.  
Theorem 1 : The existence of a SBIB Design D with 
the parameters v = b, r = k, λ ; implies the existence 
of a BIB design D’ with parameters v’= v, b’= vr, 
r’=rk, k’= k, λ’= λk. 
Proof : In SBIB design D with the parameters v = b, r 
= k, λ ; the vr blocks can be obtained. Under the 
present method of construction, the design D’ yields 
the parameters v’= v, b’= vr,     r’= r + r(k-1) = rk, k’= 
k, which are obvious. Since in the original SBIB 
design any (  ) pair occurs in λ blocks. Due to 
new construction method these λ blocks contribute to 
λ’ in the following three ways:    

(i)   When  is repeated in λ 
blocks.   

(ii)  When  is repeated in λ 
blocks. 

(iii) When each of the (k-2) 
treatments [other than ( )] 
in each of the λ blocks is   
repeated. 

So the frequency of ( ) pair in the new design can 
be calculated as 
  λ’ =      λ       +       λ         +    λ ( k 
– 2 )   =   λk 
                               [For (i)]      [For (ii)]        [For 
(iii)]  
This completes the proof.    □                        
 
CONSTRUCTION OF DESIGN MATRIX 
Let N be the incidence matrix of the SBIB design D 
with the parameters v = b, r = k, λ.  Consider the r-
blocks containing the  treatment;  = 1,2,………., 

v. Now rearranging the r-blocks corresponding to any 
treatment  (  = 1,2,…….,v ) and putting  = -1; the 
matrix N1 of design  D1 is obtained. Then doing the 
same for all the v treatments, the new incidence 
matrix N* of new design D* so formed is the matrix 
having the elements 1,-1 and 0; given as follows  
                                  

 NNNN ||| 21              (12)        
Then combining the incidence matrix N of SBIB 
design repeated s-times with N* we get the matrix X 
of a chemical balance weighing design as 
                                 

'


















  


timess

NNNX      (13)    

Under the present construction scheme, we have n = 
vr + sb  and p = v. thus the each column of X will 
contain srkr  )1(1  elements equal to 1, 

r2 elements equal to -1 and  n – ρ1 – ρ2  elements 
equal to zero. Clearly such a design implies that each 
object is weighted m = ρ1+ ρ2 = rk + sr times in n = vr 
+ sb weighing operations.  
 
Lemma 1 : A design given by X of the form (13) is 

non-singular if and only if  
})4{()( skskr   . 

Proof :  For the design matrix X given by (13), we 
have 
 

       JskIsksrrkXX  )4()4()(' (14) 
    

       JskIskskr  )4()4()(
and

      1)4()()4()1()('   sksrrksksrrkXX (15) 
the determinant in (15) is equal to zero if and only if  
           sksrrk  )4(   

  })4{()( skskr    
or    sksrrk  )4()1(  

but   sksrrk  )4()1()(  is 
positive and then det (X’X) = 0 if and only if 

})4{()( skskr   . So the lemma is 
proved.  □ 
Theorem 2 : The non-singular chemical balance 

weighing design with matrix X 
given by (13) is optimal if and only 
if 0)4(   sk . (16) 

Proof :  From the conditions (10) and (14) it follows 
that a chemical balance weighing design is 
optimal if and only if the condition (16) 
holds. Hence the theorem.   □ 
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If the chemical balance weighing design given by 
matrix X of the form (13) is optimal then 
                                         

  pj
srrk

wVar j .,,.........2,1;ˆ
2







 

Example 1 :  Consider a SBIB design with 
parameters v = b =7, r = k = 3, λ=1; whose blocks are 
given by (1, 2, 4), (2, 3, 5), (3, 4, 6), (4, 5, 7), (1, 5, 
6), (2, 6, 7), (1, 3, 7). 
Theorem 2 yields a design matrix X of optimum 
chemical balance weighing design as         

                        






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
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
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




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







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

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

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




















1010001
0100011
1000110
0001101
0011010
0110100
1101000

1010001
0100011
0001101
0100011
1000110
0011010
1000110
0001101
0110100
0001101
0011010
1101000
1010001
0011010
0110100
0100011
0110100
1101000
1010001
1000110
1101000



X

 
 

Clearly such a design implies that each object is 
weighted m = 12 times in n = 28 weighing operations 
and   12ˆ

2jwVar for each j = 1, 2,………, 7.     

□ 
Corollary 1: If the SBIB design exists with 
parameters ν = b = N, r = k = (N ± d)/2, λ = (N ± 2d 
+1)/4; then the design matrix N* so formed using 
above method is optimum chemical balance weighing 
design.  
Corollary 2: If the SBIB design exists with 
parameters (ν, ν-1, ν-2); then the design matrix X 
given by (13) is optimum chemical balance weighing 
design if and only if 2 < v ≤ 5– s. 
 
Corollary 3: If in the design D*; -1 is replaced by 
zero then the new design D~  so formed is a BIB 
design with parameters V = ν, B = νr, R = r(k-1), K = 
k-1, Λ = λ (k-2). Then the structure  

     
















  



timess

NNNN ~
     

(17) 

 (17) form a pairwise VB and EB design D* with 

parameters  
 ν*  =  V,  b*  =  B + sb,  r* = R + sr,  , 

, λ*= Λ + sλ,    

μ* 



 





k
s

k
k

1
2   and   

ψ* 



 





 k

s
k
k

r 1
21 

. 

 

RESULT AND DISCUSSION 
The following table provides a list of pairwise variance and efficiency balanced block designs which can be 
obtained by using certain known SBIB designs.  

S. No. ν* b* r* 
  

λ* μ* ψ* Reference No.** 

1 7 28 9 2 3 2 5.833 0.352 R(10), MH(1) 
2 11 66 25 4 5 8 20.900 0.164 R(29), MH(5) 
3 11 88 42 5 6 18 37.400 0.110 R(30) 
4 15 150 63 6 7 24 56.786 0.099 R(43), MH(16) 
5 15 180 88 7 8 40 81.429 0.075 R(44) 
6 16 128 42 5 6 12 36.267 0.137 R(47) 
7 21 126 25 4 5 4 19.950 0.202 R(58) 
8 31 248 42 5 6 6 35.133 0.163 R(75) 
9 57 684 88 7 8 10 77.357 0.121 R(87), MH(25) 

 

**The symbols R(α) and MH(α) denote the reference 
number α in Raghavrao (1971) and Marshal Hall’s 
(1986) list. 

 
 

 
CONCLUSION 
It is well known that pairwise balanced designs are 
not always efficiency as well as variance balanced. 
But in this research we have significantly shown that 
the proposed pairwise balanced designs are efficiency 
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as well as variance balanced. Further there is a scope 
to propose different methods of construction to obtain 
the optimum chemical balance weighing designs and 
pairwise variance and efficiency balanced block 
designs, which will fulfill the optimality criteria by 
means of "efficiency”. The only limitation of this 
research is that the obtained pairwise balanced 
designs are all have large number of replications. 
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