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Abstract  
In this paper logistic and non-logistic cumulative (sigmoidal) models that have fairly equal degree of predictions 
are compared for their peak point occurrences.  It is discovered that only logistic (Hubbert) models have their 
peaks at half way to the ultimate recovery.  Non-logistic models peak not necessarily at half way (but at some 
other point) to the ultimate recovery (see table 1).  Peaking of logistic and non-logistic models are functions of 
the models, and not geology. Empirical experience revealed that even with different logistic models the same 
historical data gives different peaks and ultimate values; revealing that these values are mainly functions of the 
models, and not geology.  When the historical data is large enough all the logistic models tend to peak at half 
way to the ultimate (central limit theorem). Peak production could therefore occur somewhere other than at half 
way to the ultimate recovery depending on the mathematical model used and is basically a function of the model 
if the historical data is not large. 
__________________________________________________________________________________________ 
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INTRODUCTION 
Lynch (1997, 2003) said that numerous publications 
have appeared warning that oil production is near an 
unavoidable, geologically-determined peak that could 
have consequences up to and including  “war, 
starvation, economic recession, possibly even the 
extinction of homo sapiens” (Campbell in Ruppert, 
2002).  
 
Lynch (1996, 2003) made the following explanations 
on Hubbert curve: the initial theory behind what is 
now known as the Hubbert curve was very simplistic.  
Hubbert was simply trying to estimate approximate 
resource levels and for the lower 48 US, he thought a 
bell-curve would be most appropriate form.  It was 
only later that the Hubbert curve came to be seen as 
explanatory in and of itself, that is, geology requires 
that production should follow such a curve.  Indeed, 
for many years, Hubbert himself published no 
equations for deriving the curve, and it appears that 
he only used a rough estimation initially.  In Hubbert 
(1956) paper, in fact, he noted that production often 
did not follow a bell-curve.  In later years, however, 
he seems to have accepted the curve as explanatory. 
Hubbert curve had some validity because a bell (or 
logistic or Gaussian) curve represents exponential 
growth and decline, which is typical of large data, 
population and/or persistent capital stock. Hence, 
exponential growth and decline is normal, and while 
the bell curve is not necessarily the precise path 
likely to be followed, its presence is hardly proof of 

an immutable, natural, scientifically-determined law 
(Lynch, 2003, Adelman 1997). 
 
However, Laherrer (1998) agreed that in any large 
region, unconstrained extraction of a finite resource 
rises along a bell-shaped curve that peaks when about 
half the resource is gone.  
 
These Hubbert modelers present historical production 
curves which is said to reflect pre-determined 
production patterns determined by the immutable 
physics of the reservoirs, but Kamalu (2010) showed 
that the models pick their peaks on the same 
historical data and not pre-determined by geology. 
Therefore, the aims of this paper are (1) to show that 
peak production can occur somewhere other than at 
half way to the ultimate recovery depending on the 
mathematical model used (2) that peak production is 
a function of the model if the historical data is not 
large but occurs at half way to the ultimate for large 
data (Central limit theorem of statistics).  
 
The work shows and offers explanation to the 
variation in the models for peaking in petroleum 
production 
 
HUBBERT CURVE IS A DERIVATIVE OF 
LOGISTIC MODEL 
The Verhulst population growth model as logistic 
model is given as 

Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 4(5): 759-762 
© Scholarlink Research Institute Journals, 2013 (ISSN: 2141-7016) 
jeteas.scholarlinkresearch.org 



 
Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 4(5):759-762 (ISSN: 2141-7016)  

760 

 

 )(1 mttbe
UCPy 

   (1) 

But, differentiating with respect to time gives 
 

  
  2

)(

1
0]1[

m

mm

ttb

ttbttb

e
beUe

dt
dyP








  

  
 

  21 m

m

ttb

ttb

e
bUe






   (2) 

Dividing the numerator and denominator with the 
exponential term  mttbe   and simplifying gives 
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Again, dividing numerator and denominator by 2, 
gives 
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But Hubbert [ ] puts his model as 
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Since cosh x = cosh (-x) from (3) and (4) 
 bU/2  =  2Pm 

 b  =  
U
Pm4

   (5) 

Again, making the exponential term subject of the 
formula in (1), we have  

 exp(-(t – tm))  =  
y

yU 
  (6) 

And substituting (6) into (2) and simplifying yields 
(7), i.e. 
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Hence the Hubbert equation is a parabola in the 
cumulative production (y) domain 
Differentiating P with respect to y for inflexion gives 
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And, ymax = 2ypk = U.  Which shows that at peak, 
cumulative production is half of the ultimate 

recovery.  Substituting (8) into (7) for maximum 
production yields 
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HUBBERT CONCEPT 
King Hubbert, in his famous paper of 1956, predicted 
that US oil production (from the Lower 48 states) 
would peak in the 1970s at the top of a bell-curve, the 
area of which represented that total endowment of  
oil, which he estimated at 200 billion barrels.  He was 
vilified at the time as being a pessimist, but was 
amply vindicated when the country’s production 
indeed did peak in 1970 (stark, 2012, Campbell 
2003). 
 
The Hubbert curve is a derivative of the logistic 
curve which was introduced in 1845 by the Belgium 
mathematician Verthulst as a law of population 
growth.  It is based on the following relationship 
(Laherrere, 2000, Deffeyes, 2003). 
 
CP  =  y  =  U/(1 + exp(-b(t – tm))  (1) 
(where CP = cumulative production; U = an 
asymptote  representing ultimate recovery; and tm  =  
inflexion point or peak time of annual production). 
 
In his conceptual theory, Hubbert opined that a 
country’s petroleum production must peak at half 
way to the ultimate value (see Fig. below), and that 
after this peak point in the bell-curve, the production 
cannot be made to increase again by any known 
ingenuity in a country’s conventional petroleum.  
Though the derivative of the cumulative (sigmoidal) 
profile gives the annual (bell-curve) profile, it is not 
every sigmoidal profile that gives a bell-curve peak 
that is half way to the ultimate value, as seen in Table 
1. 
 
      
             
      
    Cumulative = logistic 
      
      
     
 
 
 
 
 

Annual = Hubbert 
  

Fig. 1:  Logistic Curve and its derivative (Hubbert)  
 
This assertion does not cut across all cumulative 
(sigmoidal) profiles but for only logistic profiles and 
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some other profiles whose ODEs are solvable by the 
application of Bernouli technique. 
 
Hubbert Concept is Only Logistic (Not 
Generalized) 
For instance, a cumulative model, y, in the logistic 
ODE 

 2
21 ykyk
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Has a cumulative (sigmoidal) solution of  
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Also. Eqn (11) can be rewritten as 
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To determine the ultimate value possible we simply 
take limit of y in eqn (14) as t tends to infinity. 
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The cumulative parameter at the peak, ypk, is obtained by substituting eqn. (13) into eqn (11) for t  =  tpk.  
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If this analysis is continued with other cumulative 
(sigmoidal) equations, we will have them as in Table 
1. 

 

Table 1:  Logistic and non-logistic peaks of different Sigmoidal Models 
S/No Sigmoidal Model: y tpk Y(∞)  =  U ypk 
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DISCUSSION AND CONCLUSION 
Although in section 2.0, in proving that Hubbert 
curve is a derivation of logistic model, it is seen that 
eqn. (7) gives a parabola in a plot of annual rate 
against cumulative rate, eqn (8) proved Hubbert 
concept.  Perhaps, based on this, Hubbert 
conceptualized that a country’s petroleum production 
must peak at half way (ypk  =  ½ U) to the ultimate 
value of the country’s conventional petroleum. 
 
But the analysis of Table 1 has unravelled the 
mystery behind the concept: Hubbert’s concept works 
only for logistic models and/or models solvable by 
Bernouli’s technique.  From Table 1, models with 
serial numbers 3, 4 and 5 are non-logistic and so do 
not obey Hubbert’s  concept i.e. ypk  ≠  ½ U, even 
though they predict very well as well with their own 
characteristics.  They model with serial numbers 5, 
clearly states that the country’s petroleum production 

must peak at quarter way (ypk =    U) to the ultimate 
value of the country’s conventional petroleum.   This 
means that, contrary to Hubbert’s concept, the peak 
of the country’s petroleum will be hit at 25% of the 
total (ultimate) production leaving 75% of the 
ultimate to be produced in an elongated, tapering 
decline curve for a longer production time. 
In conclusion, therefore, Hubbert’s concept is only 
logistic and not generalized to all models that can 
predict very well as well with their own 
characteristics. 
 
Conversely, if all exhaustible natural resources that 
follow the law of increasing, constant and 
diminishing returns, obey only logistic 
characteristics, then their peaks may be naturally-
imposed, otherwise, if not logistic in character, their 
peaks may be decided by both characteristics of 
production data history and of the model. 
 
Previous empirical experience showed that even 
different logistic models used on the same production 
data history gave different peak periods and different 
ultimate values.  The only valid explanation left is 
that the peak and ultimate values are functions of the 
models only, and not nature (geology or rocks) as 
contained in Hubbert’s concept. 
 
RECOMMENDATION 
This findings in Table 1 is hereby put forward for 
Hubbert and all-Hubbert peak petroleum modellers to 
look at.  Perhaps, the gap of the controversy between 
them could be narrowed down, if not eliminated. 
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