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Abstract

This study focuses on the vibration of a planar rigid body taking into account the aerodynamic forces and looks at
how location or length of the vibration absorber affects system stability. This rigid body is supported by a cubic
spring on the elastic axis. The underneath attached vibration absorber is also considered a rigid body, and is mounted
with linear spring and damper at both ends. Based on cost efficiency and without changing the main configuration of
the vibration system, the absorber’s position and length are adjusted to obtain the combinations for the best vibration
damping effect. The Method of Multiple Scales (MOMS) is employed to obtain its fixed point and analytic solutions.
Numerical method is directly used to calculate the frequency response of this nonlinear system. The phase plots and
frequency response of this nonlinear system are compared to verify the impact of vibration absorber position on the
main body vibration. In the case studied, we found that the farther the vibration absorber mass center from

0.3 C (non-dimensional chord length) behind the leading edge and longer of vibration absorber, the worse the

vibration absorbing effect.

Keywords: vibration absorber, nonlinear spring, acroelasticity, fixed points.

INTRODUCTION
The nonlinear vibration problems have been widely
discussed for past decades. Ravindra and Mallik (1994)

investigated the vibration isolators having nonlinear

stiffness and damping terms under harmonic excitations.

Chandra Shekhar er al. (1998) studied the transient
response of a single degree-of-freedom (DOF) system
in the presence of nonlinear dissipative shock isolators.
Lee, et al.(1997) studied an airfoil supported by cubic
spring, and considered the dynamic response of
unsteady aerodynamic force on system with pitch and
plunge motion. Their results illustrated the
characteristics and the complex structures of the jump
phenomenon. Rao (2004) described the jump of
nonlinear vibration system. “Jump” is the instability of
system response when the external force frequency
varies, thus, the range between left jump point
frequency and right jump point frequency is the

unstable frequency region as shown in Figure 1 below.
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Fig. 1 Definition of the unstable region.

The stability analysis of the cubic spring supported
aeroelastic system was also studied by Liu, et a/.(2007).
In their work, a new formulation of the harmonic
balance method was employed for the aeroelastic
airfoil to investigate the amplitude and frequency of the
limit cycle oscillations (LCOs). Chakradhar et al.(2005)
used numerical method to study the impact of
underwing store on airfoil fluttering. As shown in their
study, at transonic speed, underwing store center of
mass moved to front of elastic axis, flutter speed would

increase, if extending under wing store length, flutter

speed would decrease. Mount point position is crucial
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because would increase the flutter speed when placed at
a right position. In terms of vibration absorber position
analysis, Wang and Chen (2008) looked for the best
position to generate optimal vibration absorbing effect
without making changes to the original structures. They
focused on the point absorber of the mount under the
main body. In the following research, Wang and Chang
(2010) used two single DOF absorbers to reduce the
vibration of a nonlinear supported deck. They found
that, when natural frequencies of these two shock
absorbers are similar, the vibration reduction effect is
better. This phenomenon often appears at the endpoint
of the rigid body plate when the dual-shock-absorbers
are at the same position. From here we can conclude
that the effect of changing load position without
material change can achieve vibration damping. The
present study will utilize the nonlinear vibration
behavior of a planar rigid body to probe into the effects
of the attached vibration absorber positions. Since
aerodynamic forces are considered, this model can be
regarded as an airfoil or bridge section, where vibration
absorber underneath is a simple vibration absorber
mounted under the airfoil, or pylon or engine position
or vibration absorber position under a suspension
bridge. We will use MOMS to obtain analytic solutions
of this aeroelastic system. The fixed points results of
each DOF of this system will be examined to ensure the
unstable frequency regions. We will also solve the
nonlinear equations of motion using the 4™ order
(RK4)

and the

of

Runge-Kutta method verify

characteristics and correctness the unstable
frequency regions. This study argues that, although
redesigning main body structure and changing material
may have better vibration absorbing effect, this study is
based on cost efficiency and without changing the main
configuration to adjust the position of added vibration
absorbers directly, in order to achieve the most

economical way to reduce the system vibration.
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EQUATIONS OF MOTION

Given a rigid body plane section (regardless of
thickness), and the nonlinear springs are placed on the
elastic axis E to simulate the main body vibration, as
shown in Figure 2.
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Fig. 2 Plane rigid body and the vibration absorber.

The 2 DOFs we considered are pitch angle @ (positive
in clockwise direction) and plunge Z, (positive in
downward direction) on elastic axis E respectively. C is
the chord length, point H is the position of 1/4 chord
length, point O is the position of 1/2 chord length, point
G is the center of mass, points A, B are the two end
positions of the attached vibration absorber, m = mass
of vibration absorber, M = mass of main body. Suppose
the system is subject to simple harmonic external

disturbing force f(7) , moment g(7) ,
quasi-steady aerodynamic force L(7) and moment
M(z) . The L(r) and M(zr) are shown as

follows,

U Z
L(7) = pU?ba(0 + tan' —=£ ,
()=p ( 5 U)

and

— L Z,, p’U’

M(1)= pUba(l, —1,,)(0 +tan” ) _pT 0"

, where b = half chord length, a = lift slope, U = flight

speed, o = air density, 7 = non-dimensional time =
! !

Z VA
Uib, () =d/drt. Let tan*?Eac;?E, while

e=m/M . According to Newton’s law, the
non-dimensional aeroelastic equation with 4 DOFs,

plunge (¢, =Z,/b), pitch (€ ) of main body and
plunge (g, =Z, /b), pitch (@) of vibration absorber,
are written as follows:
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m w, w,, w,
B = cubic spring constant, [3, = cubic torsional
. m 1
spring constant, £ =——=m, and let »*>=_"0_,
M [ MbZ
1 S
r¢2 =1 T X, =——, S=static moment. To ensure
mb Mb

that small disturbance approach can be applied, and
MOMS is applicable, damper and external force are

. G Cy
regarded as disturbance terms, thus, — and—— are
m

substituted by 2&&@, and 2&&.@, respectively,

and let external force termﬂ beg fA (7), and
MU’w0,’b
C T N - —
let 28, =—2—, g(z ) c=g8(r)., k=eéw’
lyw, 1,U w,

and k2 = 5522. It is noted that, if the vibration
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absorber is neglected, Eq. (1) and (2) can be reduced to
2 DOFs main body motion and are the same as the
equations of motion shown in Lee, et al.(1997).

Analytic Method
Fixed Points Equations: This study adopted MOMS
to obtain analytic solution of the aeroelastic equation.

Firstly let 7, = 7 (fast time change), 7} = &7 ,...(slow
time change). Or X(r;8)=
X, (T, 1..T,,..)+ X, (T,,T,,T,,...) ,where

T
X, = L§5,9,§2,¢J
divided into &° and &' parts.

. Hence, Egs. (1)~(4) can be
To further get the

solutions, this study examined the g’ equation and

rewrote as:
n
Xy+DX,, =0, )
R P B P
where D=A"'B, A= o O O O ’
R R, Ry R,
Sl S2 S3 S4
kK K P R SEo
0,
B= QS Q6 Q7 QS , Xio 0 ,
Ry Ry R, Ry o
S S S, S
e )
and for B,, O,, R,andS,, as shown in Appendix A.

Then the solution of Eq. (5) has the following form:
e AlV A 4 5 B, V_zeioTl S0 4 ef%ClVg PRPL

e DV, e +cc.+NS.T., (©)

where X, = LgEO,HO,gzo,(ﬁOJT, c.c. is the complex

conjugates, N.S.T. is the non-secular term, 4,, By, Cy,
and D; are the degree-of-freedom magnitudes,

Vap.c.p i the phase angle of each DOF, V,, (n=1~4,
m=1~4) is the eigenvector; O =detuned parameter,
whose relation with external force frequency is
Q=¢0+w, and QT = ol +w,T,.

The &' equation can be written as:
AX) +BX, =F. (7)
Let X, =VY, , where V is system eigenvector matrix,

XilngElﬂelﬂgﬂﬁﬂJT’ Yzlz\jmaé_)la?zlaaj'

The equations are premultiplied by inverse eigenvector
matrix, then Eq. (7) can be rewritten as,
Y/ +wY, =T,.

n=il

(3)
B }, and terms in {Fn}

Where n=1~4, Fﬂ =4

can be expressed as follows,
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where 7,534 =7 4pcp>
\P|1,21,31,41 = AUBl’Cl’DI A=4-8,
=v-12.
It is noted that the secular terms will be
eliminated to obtain the solvable condition.

Considering the prime resonance of this system, we
used detuned parameter (O ) to analyze the system
amplitude of each DOF near the natural frequency. To
analyze the unstable frequency region of each DOF of
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this system in steady-state motion (fixed points), this
study neglected all differential terms in relation to time
change, and divided the established equations into real
and imaginary parts. Taking main body plunge DOF
equation for example (refer to row 1 of Eq. (8)), the
secular terms are those terms having frequency @, on
the right-hand-side of Eq. (8). After considering
steady-state motion and the real and imaginary parts of
the plunge equation, the following two equations can
be obtained,

K, (—wod) +3,4° =6 cosy,, (13)

Ho A =-06,siny,. (14)
Sum square Egs. (13) and (14) to eliminate ), and

obtain the plunge frequency response equation,
[0+ (~xio0, +32,47) |4 =5 (19)

where @, is the natural frequency of main body

plunge motion, 4,k , ¥, andO, are the constants as
detailed in Appendix B. Hence, 0 variation can be
used to obtain amplitude change (4;) near its natural
Similarly, for other DOFs, the fixed

points equations of motion can be obtained. The other
amplitudes (B;, C;, and D;) for each DOF can be

frequency @, .

obtained similarly. The solutions of the g’ equation
can then be found.

System Analytic Solutions

After obtaining g’ solution, this study used

undetermined coefficient method to search &' particular
solution. In terms of main body plunge DOF ¢ E

from Eq. (8), particular solution is assumed as follows:

_{ Z(E erTI —t)/,”ezmeg)

m=1~4
(E e310'T —z3yAe3ia;lTo +E6e3iaTle—i3;/B e3ia)2T0

3ioT, +yp+ ioTy io Ty iosT,
+E21€ ic e —i(74+78 7C)ela)l oe’a)z oe’“)3 0
+E2263io-Tl e*i(;/‘4 +75 +}/D)eiw|TO e[a)zTO eiw4T0

+E23e310'Te (7A+yc+yD)em|TOeim3TOem4T0

+E, &g et ) godh gierh gl +c.c.)}. (16)

Substitute Eq. (16) to row 1 of Eq. (8), compare each
other to solicit coefficient of this particular solution, the
coefficient E, (n=1~24) can be obtained. Similarly, the

coefficients of 6, . 5, » and ¢1 can be found, and

the analytic solution of each DOF of this system can be
obtained.
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Frequency Response Analysis of Coupling System
This section will analyze the frequency response of the
whole coupling system. Firstly suppose this system be

a simple harmonic motion as X, = a,(7) cos(@7)

+b;sin(wt),and again, x = |¢,.0.c,.4 [
i=1~4. The a4 and b,_4 are the cosine and sine
coefficients of each DOF, and are also unknowns of
frequency equations. These coefficients can determine
the magnitude of each DOF. let external force term be

f(r)=a,cos(w7t)+ b;sin(w7)>
g(r)=a,cos(wr)+ b sin(wr)> /{2(7) =

a,cos( @t ) + b, sin( or )

fi(z)=a,cos(wr) + bysin(wr)> where as and bs_g
are external force coefficients and are given. Substitute
the above assumptions into Egs. (1~4), and split into
sine and cosine parts, then there are totally 8§ sets of
equations. Numerical method (RK4) is used to solve

coefficients a; 4 and b,4, and frequency response result
can be obtained.

RESULTS AND DISCUSSION

This study will explore the coupling system with
vibration absorber. We choose the non-dimensional air

speed U=0.7, £=m=0.1, plunge vibration
damping coefficient & =05, pitch damping
coefficient &, = 0.5, plunge cubic spring constant

EE =0.25 , pitch cubic torsional spring constant

B, =0.25. The aerodynamic function L(7) is put
on point “H” (the 1/4 chord). The elastic axis is located

on 0.6 C' from the leading edge to ensure pitch motion
of this system. Assuming that a distributed simple
harmonic motion function imposed on main body pitch
DOF, and let external force amplitude = 1.0 to
investigate the response of the pitch DOF. Figure 3
shows the main body pitch frequency response diagram
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1 = Phase plot, ‘
1.8 KSR Freq. Resp. |
1.6 | _A
S Foo o
L ¥
12 s k.
s F 3PS
£ 1F A .
<< | ’ .
0.8 —
| , o
o6 P-4 o e
3 I~ .
0.4 Jummmmmares®™ 5 .\
o2 E = = \
F c oo = = 2 - 2 ona - T et )
°g 5.5 15 > 5

where the vibration absorber length is 0.1 times of

Fig. 3 Frequency response of the vibration absorber

location from 0.1 6'[0 0.2 6 .
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non-dimensional chord length (0.1 C ), located at

position of 0.1 C ~0.2 C' from leading edge. It
contains numerical results directly obtained from last
section. In this case, we studied nonlinear and linear
results. In the linear part, the cubic spring constant is 0
and leaving nonlinear terms in the equation. The phase
plot in Figure 3 shows the analytic solutions obtained
from the method of multiple scales.

The phase plot was drawn after setting one frequency.
The observed convergent magnitudes were plotted into
Figure 3 point by point, and compared with other
directly numerical computed results. The linear system
showed that in terms of main body pitch DOF, natural
frequency is about 1.2. The figure shows the accuracy
of the results. However, the nonlinear frequency curve
is slightly deviated, and the amplitude is discontinuous
between frequencies of 1.5 and 1.65. This also occurs
in the phase plot results, except that the discontinuous
circumstance occurs between frequencies of 1.35 and
1.5, with slightly different magnitudes. These
discontinuous regions are due to jump phenomena in
these nonlinear cases.

The next step is to adjust the vibration absorber

position to 0.3 C ~0.4C from the leading edge. The
main body pitch frequency response plot is shown in
Figure 4.

o Phase plot
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Fig. 4 Frequency response of the vibration absorber

location from 0.3 C t0 0.4 C .
In this study, the linear, nonlinear frequency response
and phase plot results showed that, around natural
frequency range, frequency response curve appeared
flatter than in Figure 3, indicating that this vibration
absorber position can better reduce system vibration
and unstable region occurrence than in Figure 3.
Figures 3 and 4 compared the correctness of this model,
further proving that this model can be subjected to the
impact of vibration absorber position on system
stability. The fixed points results were then used to
generalize the impact of vibration absorber position and
length on system stability. As fixed points approach
was a part of the analytic method, numerical values and
analytic solutions were cross-validated in Figures 3 and
4. Analytic equations derived in last section not only
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provided the amplitude change of each DOF prime
resonance, as compared with numerical results, it could
achieve the impact of vibration absorber position and
length on system stability in a simpler and faster way,
which is the purpose of this study. Figures 5~13 are the
fixed points frequency response plots of the main body
pitch DOF. Figure 5 is the plot of vibration absorber

mounted 0.0C and 0.1C from leading edge of main
body.

T
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: !
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Fig. 5 Fixed points frequency response of the pitch

motion, vibration absorber location from

00C t00.1C .

Figure 6 is the plot of vibration absorber mounted

0.3C and 0.4C from leading edge of main body.
Compared with Figure 5, the main body pitch vibration
magnitude decreased and unstable region (as defined in
Figure 1, the left and right jump region) appeared
smaller.
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)
Fig. 6 Fixed points frequency response of the pitch
motion, vibration absorber location from

03C1004C .
Figure 7 shows the main body pitch fixed points
frequency response plot of vibration absorbers mounted

0.8C and 0.9C from leading edge of main body.
Figure 8 shows the main body pitch fixed points
frequency response plot of vibration absorbers mounted

at0.9C and1.0C from leading edge of main body.
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Fig. 8 Fixed points frequency response of the pitch
motion, vibration absorber location from

09Cto1.0C.

As shown in Figures 5, 7 and 8, the magnitudes and
unstable regions are larger than in Figure 6. Figures
9~11 below show the main body pitch DOF fixed
points frequency response plots of vibration absorbers

mounted at 0.1 6 ~0.3 6, 0.3 6 ~0.5 E and

07 C ~09 C from leading edge of main body
respectively. As seen, the mounting vibration absorber

at 03C ~0.5C from leading edge of main body is

better than in other cases.
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Fig. 9 Fixed points frequency response of the pitch
motion, vibration absorber location from

01C1t003C .
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Fig. 10 Fixed points frequency response of the
pitch motion, vibration absorber location

from 0.3 5 to 0.5 5 .
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Fig. 11 Fixed points frequency response of the pitch
motion, vibration absorber location from

0.7Ct0.9C .

Figures 12 and 13 show the fixed points frequency
response plots of vibration absorbers mounted at

02C ~0.6C and0.6C ~1.0C from leading edge of
main body. As seen, the mounting vibration absorber at
0.2 C ~0.6 C position from leading edge of main
body is better than in the case of 0.6 C~1.0C.In fact,

the change of these frequency domain responses can
also be observed from phase plots.
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Fig. 12 Fixed points frequency response of the pitch
motion, vibration absorber location from

02Ct00.6C .
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Fig. 13 Fixed points frequency response of the pitch
motion, vibration absorber location from

06Ct01.0C .

Figures 14~17 below show the time domain
variation plots.

-1.5 = -0.5 0 0.5 1 15

Fig. 14 Phase plot of the pitch motion, vibration
absorber location from 0.3 C to 0.4 C .

-3 PR

Fig. 15 Phase plot of the pitch motion, vibration
absorber location from 0.8 C t0 0.9 C .
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Fig. 16 Phase plot of the plunge motion, vibration
absorber location from 0.3 C t0 0.4C .

Fig. 17 Phase plot of the plunge motion, vibration
absorber location from 0.8 C t0 0.9 C .

Figures 14 and 15 show the main body pitch variation
of vibration absorbers mounted at 0.3 C ~0.4C and

08 C ~0.9 C from leading edge of main body.
Figures 16 and 17 show the main body plunge variation

of vibration absorbers mounted at 0.3 6 ~0.4 6

position and 0.8 C ~0.9 C' position from leading edge
of main body. The magnitudes of plunge motion are
less than the pitch motion. The pitch motion of this
system is the most concern of this study. We can also
see that the magnitudes of both pitch and plunge DOFs

when mounting at 0.3 C~04C are significantly less

than the cases of mounting at 0.8 C ~0.9C .

Based on the above results, the vibration absorber
length and the mounted position data are shown in
Tables 1~3.
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Table 1.Main body pitch vibration response (absorber
length 0.1 C).

Location detuned freq.  Fixed Phase unstable region
C) (o) Points Plot (o)
0.0-0.1 2.122 2.8850 1.9346 1.577
0.1-02 1.592 24717 1.7383 1.059
02-03 1.331 2.2386 1.6341 0.799
03-04 1.177 2.0709 1.5725 0.650
04-0.5 1.178 2.0716 1.5747 0.655
0.5-0.6 1.219 2.0958 1.6120 0.694
0.6-0.7 1.348 2.1950 1.6889 0.819
0.7-0.8 1.611 2.6201 1.8529 1.080
0.8-0.9 2.127 3.5419 2.1180 1.591
09-1.0 3.272 5.0434 2.5889 2.730

Table 2. Main body pitch vibration response (absorber
length 0.2 C).

Location detuned freq.  Fixed Phase unstable region
C) (o) Points Plot (o)
0.1-0.3 1.511 24119 1.6874 0.973
02-04 1.309 2.2243 1.6065 0.777
03-0.5 1.227 2.1208 1.5536 0.697
04-0.6 1.228 2.1365 1.5806 0.700
05-0.7 1.312 2.1818 1.8288 0.782
0.6-0.8 1.507 2.3311 1.7772 0.976
0.7-0.9 1.890 3.0735 1.9417 1.355
0.8-1.0 2.692 4.2647 2.3382 2.151

Table 3. Main body pitch vibration response (absorber
length 0.6 C ).

Location detuned freq.  Fixed Phase unstable region
(C) (o) Points Plot (o)
0.1-0.7 1.857 2.7122 1.8275 1.307
02-0.38 1.825 2.6700 1.8159 1.278
0.3-0.9 1.957 2.7480 1.9015 1.411
04-1.0 2.306 2.9680 2.0715 1.757

Tables 1~3 list the steady motion frequency

response results in terms of main body pitch DOF at
various vibration absorber positions, with vibration

absorber lengths of 0.1 C, 02 C and 0.6 C ,
respectively. Among which, the right jump frequency
has higher amplitude than the left one, thus, this study
took the right jump frequency magnitude as one of the
observing factors. The “Fixed Points” denotes the right
jump frequency magnitude from the fixed points results.
The “Phase Plot” denotes the right jump frequency
magnitude from the phase plot results. We also choose
the interval between left and right jump frequency from
fixed points analysis, or named “unstable region”, as
one of vibration absorber influential factors. The
“detuned freq.” represents the left jump detuned
frequency from the fixed points results. As seen in

Table 1, when vibration absorber length is 0.1 6 , and
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mounted at 0.3 6 ~0.4 E , it has the minimum
amplitude and unstable region. Table 2 shows the same

result (0.3 C ~0.5 5) for absorber length = 02C .
Table 3 suggests that the best position is 0.2 C~08C

when vibration absorber length is 0.6 C. By comparing
vibration absorber lengths, this study found that, the
best result occurs when vibration absorber length is

0.1 C, and the worst at length of 0.6 C . The results
were consistent to that of Chakradhar et al. (2005), in
other words, longer additional load under main body
(longer mount points) would lead to worse vibration
absorption of main body. Obviously, if mount points

gather near front edge (0.3 C ~0.4 C ), then pitch DOF
would have the best effect because the system indeed
need a proper counter torque to balance rotation in the
case of the pitch DOF. The concept of moving vibration
absorber position and analytic method proposed in this
study was verified as above to have significant effect.

CONCLUSIONS

This study used Newton’s Law to infer 4 DOFs
aeroelastic system, such as airfoil pylon or the bridge
structure with vibration absorbers and consideration of
aerodynamic influence. MOMS was also used to obtain
system analytic solution. This study also provided a
group of analytic fixed points equations. The frequency
response plots can show which frequencies the
nonlinear range falls in, vibration absorbing apparatus
position can be adjusted to soothe vibration amplitude
or even inhibit its occurrence, so as to increase the
system tolerance to external force frequency. In the
case studied, we found that the farther the vibration

absorber mass center from 0.3 C behind leading
edge, the worse the vibration absorbing effect, and the
wider the unstable frequency range. Vibration absorber
or pylon length would influence the system amplitude
and unstable frequency range. The longer the vibration
absorber (longer mount points), the wider the range of
unstable frequency for main body pitch vibration.

In the end, based on cost efficiency, this study provided
a guide-line in an attempt to choose the best position
and length of the absorber for more stable and less
magnitude of the system without changing the main
configuration of the vibration system.

APPENDIX A.

Coefficients for each degree-of-freedom

Main body plunge
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Appendix B.
Coefficients for the steady motion equations

K, =
[(BA W VB W V5 4 QA Y Wi+ Qo W,

+R]]A3I_IV11_1V3] + S12A4I_IV11_1V41 )
HBA, VW4 RoA, VW + 0y VT 00 Y

+R11A3271V2171V31 + S12A4271V2171V4l )

+(1)‘)‘/413711/31711/11 + Rl)A137IV317]V21 +Q‘JA237 I/31711/]] +QI()A237IV 7IV2I

31

+R11A3371V3171V31 + S12A4371V3171V41)

70

+( 131414_1 V41_1 Vll -’_}?01414_1 V41_1 V21 +QAZ4_1 V41_1 Vll -’_QOAM_1 V41_1 V21
+ Ry AV +SpdgVaVy ) 1 @
2= [ (B VW + 0y V)
(B, Vo W+ Oy V)

H(ByAy VW + Oy V)

+ (P17Al:11V4711V131 + Q18A2741V4711V231) ], (B-2)

Al]_lVll_l./} + AZI_]V]l_lé + A3]_]V11_]./}2 + AAI_]VII_].fZi)

(AW T AT g e AT AT )
(A7 T ATV T AT s AT )

+ AV [+ e+ A o+ 4 ) ] (B3)

M=

|:(E3AII_IVII_1V;1 +Q13A21_1V{1_1Vil +Q14A21_1VII_II/21 +Q15A21_1V;1_1V;l +Q16A21_1K1_1V:ll
R LA,V R ALY T,

TR ATV TV R ATV TV S ATV Y
+S14A4171V1171V21 + S15A4171V1171V31 + S16A4171V1171V41)
+( E3A1271V;171VI1 +Q3A2271V2171K1 +Q4A2271V2171V;l +Q15A2271V;171V;;1 +Q16A2271V5171V4;1
+R13A32_IVZI_IVII + RI4A32_IV21_IV21

+R15A3271V2171V31 + R16A3271V2171V41 + S13A4271V2171V11

+LS‘IA‘A42711/2I711/2I + SISA427IV217IV3I + S A427IV2171V4I)

16
+(Bods Vo W+ Oy W Wi+ O Vi Vo + Qs Vi Vi + Qs Wy Y
TR ATV R ALY T,

+R15A3371V3171V31 + R16A3371V3171V4I + S13A4371V3171V11
+S14A4371V3171V21 + S15A4371V3171V31 + S16A4371V3171V41)

Sy -l -1y -l “lyy -1 -1y -1 -1y -1
HBA Vo i+ Qo Vi Wi+ QW Wiy + Qs Ve Wi+ Qe Wi Wi
+RI3A3471V4171V11 + RI4A3471V4171VZI
+RI5A147IV4¥7

IV?V + RI6A147IV4¥7IV4V + sl'(Ab)A’]V-i!’]VI!

S ALYV 4 S ARV + S Ad Vi) o (B4



Journal of Emerging Trends in Engineering and Applied Sciences (JETEAS) 1 (1): 60-71

where Vy, (n=1~4, m=1~4) is the eigenvector, V:nl

n

represents the elements in the V ~'matrix, 4 m(n=1~4,

m=1~4) is the eclements in the A4 matrix, A;nll

represents the elements in the 4 ~' matrix.
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