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Abstract  

In this work, dynamical behaviour of prismatic beam under time varying moving loads has been investigated.  

Effect of non uniformity of the structure was neglected. The mass of the travelling load is assumed as power 

function. An analytical solution to problem of the fourth order partial differential equations governing the 

motion of the vibrating system is obtained by the adaptable Fourier sine transformation method. Analyses of the 

solutions obtained were carried out and various results were displayed in plotted curve. It is concluded that with 

increasing in load increasing factor, the dynamic response amplitudes of beam increases. Effects of foundational 

stiffness of the beam were also instituted. 
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INTRODUCTION 

For some decades, the moving load issue has become 

more dynamic in nature owing to increased vehicle 

speed and structural flexibility. This trend also offers 

a noteworthy value to structure-vehicle relations 

phenomenon.  

 

Many researchers in field of Engineer, Mathematics 

and Physics and other related fields have made 

tremendous efforts in the study of interactions 

between structure and loads most especially 

travelling loads. Prominent among these authors are 

Fryba, Oni, Omolofe, Adedowole [1-8] and on 

 

Mohamed and Samir [9] formulated mathematical 

model for free vibrations of non uniform visco elastic 

flexural beam. In the study, the mass intensity, the 

material damping intensity and the flexural stiffness 

of the beam are assumed varying as power functions 

along the beam. Fundamental natural frequency of 

homogeneous beams of constant width and linearly 

tapered depth was calculated from given accurate 

expression. It was observed that the fundamental 

natural frequency decreases as the slenderness ratio λ 

increases and as the non uniformity factor α decrease. 

Adedowole and Famuagun [10] extended the 

distribution of the non uniform characteristics power 

functions to investigate simply supported non 

prismatic beam resting on variable elastic foundation 

carrying travelling harmonic loads. The author [11] 

also investigated on the response of non-prismatic 

rotating Timoshenko beam under the actions of 

concentrated loads travelling at time dependent 

speeds by further extending mass intensity and the 

flexural stiffness of the beam varying as power 

functions along the beam to beam prestress. The 

beam in all the cases is considered to be 

homogeneous material. However, to my best 

knowledge the case whereby weight of the travelling 

load is no more constant but varies at interval as 

loads of homogeneous material are  added is rare in 

literature. The practical case is carrier travelling on a 

rail designed to carry some materials at regular 

interval from one end to another end.  

 

Therefore, the authors in this present study therefore 

concerns the dynamic characteristics of simply 

supported prismatic beam resting on elastic 

foundation traversed by time varying moving loads. It 

is assumed additional bodies and moving load are 

homogeneous material.  It is also assumed that the 

speed at which the load travels is steady. 

  

BEAM MODEL 

Formulation of the Problem 

In this study we are concentrating on a single span 

slender beam. The time-dependent vertical 

deflections  txv ,  of a slender beam are modeled as 

a damped beam of length L. Its vibrations are 

described by the equation of beam [4] 

    ),(),()),(( txvtxvxAtxvxYI tottxxxx     

),(),(),( txPtxNvtxvk xxo    (1) 

Here, x signifies the spatial coordinate, t stands for 

the time,  xYI  the bending stiffness,  xA the 

mass per unit length of the structure,  N  is the 

prestress, 0k foundation modulus and ),( txP  the 
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moving load acting on the structure. The bending 

rigidity  xYI  is the product of the elastic modulus 

Y  and the moment of inertia  xI  of the beam. The 

coefficient o  stands for the external damping 

coefficient. In this study a simply supported beam 

bridge is examined (see Fig. 1).  

 

Assumptions taken to solve the above equation are:  

i) Structural assumptions are: a) initially straight 

beam  

b) flexible Linear material  

c) Small structural deformation  

ii) Shear modulus and rotary inertia effects are 

neglected      

iii) Mass of the moving load is small compared to 

mass of beam, so we will consider only gravitational 

effects of load.  

iv) Load moves at constant speed from left to right. 

 

END CONDITIONS 

In this study a simply supported beam is considered 

(see Fig. 1). The end conditions are given as follows: 

Since the beam is assumed to be at rest at t = 0 the 

initial deflection and deflection speed are set to zero: 

    0,,0,0  tLvtv   (2)  

    0,,0,0  tLvtv xxxx   (3) 

The initial conditions of the beam is given as  

   0,,00, xvxv tt    (4) 

 

THE NON UNIFORMITY OF MASS OF 

MOVING LOAD  

),( txP  is the load acting on the structure given by 

)()(),( ctxgtMtxP      (5) 

The mass, )(tM  of the load is a function of time 

along x, the spatial coordinate, g is acceleration due 

to gravity. Non-uniform characteristics may be 

assumed as power functions. The parameters a  and 

n are used to approximate the actual non-uniformity 

of the mass of the moving loads. 

 no atMtM  1)(     (6) 

oM  is the beam characteristics at 0t  that is the 

initial magnitude of the mass of the moving load 

Two special statuses of equation (1) are examined. 

They are termed constant and harmonic variable 

loads problems. 

4FIRST STATUS OF THE LOADS –CONSTANT 

LOADS 

The response of structural element acted upon by 

the time varying constant moving load 

In view of (6), moving load becomes taking n=1  

  )(1),( ctxgatMtxP o     (7) 

Lt 0      

  

 

 

 

 

 

 

 

Fig: 1 

 

PROBLEM SOLUTION 

To obtain analytical solution, the non-homogeneous 

governing partial differential equation of order four, 

Fourier sine transformation method is applied to 

compute the dynamic vibration of beam described by  

 

    dx
L

xm
txvtmw

L


sin,,
0

   (8) 

With the inverse 

    dx
L

xm
tmw

L
txv

m


sin,

2
,

1






  (9) 

Equations (7), (8) and (9) when substituted into the 

equation (1) we obtain  

    tmwtmw
L

m
YIL

n

m

,,2

4

1

1 















 

 tmw
L

m
N ,

2













   
L

xm
tmwtmwk o


 sin,,0

  

  )(1 0 ctxgtaMo      (10) 

The orthogonality of  tmw ,  in the equation above 

is evaluated by multiplying equation (10) above by 

functions  
L

xi
sin   ,  We 

obtain

 tmwk
L

m
N

L

m
YIL

L n

m

,2 0

2

0 1

4

1






































 



 
  

   
L

xi

L

xe
tewtew


 sinsin,, 0

   

  

L

o
L

xi
ctxtagM

0

0 sin)(1


   (11) 

Rearrangement of equation (11) above gives 

           twimtwimtwim iii ,,,      

 
L

cti
tagM


sin1 00 

  
 (12) 
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where 

  1, Iim     ,   1, Iim o    and  

  10

4

, Ik
L

j
YIim


























 1

2

NI
L

j











(13) 

 Laplace transformation of equation (13) yields 

       )(,,, 2 swimSimSim i    

  














22

00
0022

21

oo S

gsMa
gM

S 



  (14) 

Equation (14) can be reduced to obtain 

  














22

00
0022

21
)(

oo

i
S

gsMa
gM

S
sw





  
















2121

11

)(

1

 SS
   (15) 

Where 

L

ctm
 0

,

   







 


 2

1

1

2

1 4
5.0

 and   










 


 2

1

1

2

2 4
5.0

(16) 

  Notations obtained in view of Laplace inversion of 

(15) are as follows:   

,
2

)(,)(
2

0

2

0
22

0

2

0
1















S

S
sg

S
sg  (17) 

1

1
1 )(








S
sf and 

2

2
2 )(








S
sf  (18) 

The convolution of equation (15) is defined by 

2,1,)()(
0

  iduugutfgf i

t

s
(19) 

 Equation (15) is then expresses as 

121

0
)(

1
)(

 
 gMtwi   

   







 403

2

1
201

2211 aeeaee
tttt 




 (20) 

where     

udue
u

t

0
0

1 sin1 


 
, 

uduue
u

t

0
0

2 sin1 



udue
u

t

0
0

3 sin2 


 
, 

uduue
u

t

0
0

4 sin2 

  

udue
u

t

0
0

5 cos1 

 (21)

 , udue
u

t

0
0

6 cos2 

  (22) 

Evaluating (21) and substituting into equation (20) 

yields  

















)()(

1
)(

2

1

2

0121

0

1



 t

i

e
gMtw

 

 ttette
tt

01000 sincos 11   


 

)( 2

1

2

0

0
1








t
ea

 

 ttette
tt

01000 sincos 11   
  


















)()( 2

1

2

0

11

2

1

2

0

50


















)( 2

2

2

02

1
2



  t
e

 

 ttette
tt

02000 sincos 22   


 

)( 2

2

2

0

0
2








t
ea

 

 ttette
tt

02000 sincos 22   
  

 

  

 

  

  

)()( 2

2

2

0

32

2

2

2

0

60



































 (23) 

The equation (23) above is substituted into (9) which 

gives us the expression below 


 















n

i

t
e
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0121

0
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 ttette
tt

01000 sincos 11   
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)( 2
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0
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

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 ttette
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



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The expression (24) is the transverse displacement of 

the elastic structure under time varying load 

 

SECOND STATUS OF THE LOADS – 

HARMONIC VARIABLE MAGNITUDE LOADS  

The response of structural element acted upon by 

the time varying harmonic variable magnitude 

moving load 

The moving force ),( txP  is given as  

  )(cos1),( ctxtgatMtxP o    (25) 

All parameters are as described as in first case. 

Consider previous equation (10) taking into account 

(25) we have 

    tmwtmw
L

m
YIL

n
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,,2
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1

1 




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








 

 tmw
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
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
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  

  )(cos1 ctxtgatMo      (26) 

Equation (21) is the governing equation of elastic 

beam beneath time varying harmonic load magnitude. 

We track the same pattern as in the first case. The 

transverse motion ),( txvb  of structure traversed by 

variable magnitude mobile load is giving by 

    dx
L

xr
txvtrw

L

br


sin,,

0

   (27) 

With the inverse 

    dx
L

xr
trw

L
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r
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sin,

2
,

1






  (28) 

The same procedure is repeated as in the previous 

part, we obtain 

           
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 (29) 

  
thr  particle of the system of time varying loads 

gives 
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 (30) 

Further transformation of (30) produces   
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Where 

L

ck
 1  ,  

L
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 2    
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
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 2

1

1
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 and 
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








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  (32) 

Following the same procedure as in equation (15) and 

the convolution theory, equation (31) transforms to 
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Evaluating (34) and substituting into equation (33) 
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which on inversion yields 
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RESONANCE ANALYSIS 

In this section it is germane to analyze resonance 

phenomenon of the system under consideration. The 

point at the vibration is out of bound cannot be 

overemphasized. A critical look at equation (24), the 

structure will undergo resonance effects whenever 
2

0

2
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2
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2  or
   

(35)
 

In equation (34) for resonance condition, similar 

development for the structure carrying harmonic 

variable magnitude load is observed.  
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COMMENTS ON THE NUMERICAL RESULTS 

Illustration for the analysis of this study is executed 

[4] by using following structural parameters; modulus 

of elasticity
2910109.2 mkgE  , moment of 

inertia 
431087698.2 mI   and the mass per 

unit length of the beam mkg291.2758 . The 

length L of the structure is 50.192m.  Stiffness at the 

base of the structure vary from 5 x 106  N/m3 to 8 x 

106 N/ m3 . The plotted graphs illustrate response of 

the structure as shown below. 
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Fig 2: structural Response of beam when other 

parameters are fixed with various foundation modilli  

0k
 
 

 

Figures 2 and 4 present the response of the beam 

beneath constant and variable magnitude time 

varying loads respectively. From the graph, as the 

foundation modulus 0k   increases in the amplitude of 

vibration decreases. The effects of load increasing 

factor 0a  are display in figures 3 and 5. The 

amplitudes of vibration increase as 0a  increases for 

the both cases moving loads.  

-0.0008

-0.0006

-0.0004

-0.0002

0

0.0002

0.0004

0.0006

0 0.5 1 1.5 2 2.5 3 3.5 4

Time t[s]

B
e

a
m

 D
e

fl
e
c

ti
o

n
[m

]

a0=0

a0=0.1

a0=0.2

a0=0.3

 
Fig 3: Structural response of beam underneath time 

varying load with various load increasing factors  0a
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Fig 4: Structural response of beam underneath time 

varying Harmonic variable load with various 

foundation modilli  0k
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Fig 5: Structural response of beam underneath time 

varying Harmonic variable load with various load 

increasing factors  0a
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Fig 6: Comparison of the structural response of beam 

subjected to time varying constant and Harmonic 

variable loads with respect to time.  
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The Comparison of the amplitude of vibration supple 

beam beneath constant and Harmonic variable 

magnitudes time varying loads   is presented in 

Figure 5. The amplitude of variable magnitude 

mobile load is higher than that of the constant 

magnitude mobile load. 

 

CONCLUSIONS 

A closed form solution of vibration analysis of elastic 

beam beneath time varying load is presented. Two 

load statues, for non harmonic and harmonic variable 

magnitude are considered. Time varying load is 

presented as power function. The dynamic equation 

of the structure is solved by Fourier sine 

transformation method. The obtained solutions are 

used to determine the effects of load increasing factor 

0a
 
and foundation modulus 0k .  

(i) as the value of foundation modulus 0k  

is amplifies, the displacement response 

of the elastic beam decreases. 

(ii) increase in the values of the load 

increasing factor 0a , heightens 

amplitude of vibrating system thereby 

increase the risk of resonance. 
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